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ABSTRACT. For a class of ergodic parabolic semilinear stochastic partial differential equations
(SPDEs) with gradient structure, we introduce a preconditioning technique and design high-order
integrators for the approximation of the invariant distribution. The preconditioning yields improved
temporal regularity of the dynamics while preserving the invariant distribution and allows the ap-
plication of postprocessed integrators. For the semilinear heat equation driven by space-time white
noise in dimension 1, we obtain new temporal integrators with orders 1 and 2 for sampling the
invariant distribution with a minor overcost compared to the standard semilinear implicit Euler
method of order 1/2. Numerical experiments confirm the theoretical findings and illustrate the
efficiency of the approach.
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1. INTRODUCTION

The goal of the present paper is to estimate numerically integrals in infinite dimension of the
form

f pdp, = lim E[o(X(1))],
H

where the probability distribution u, is defined on a separable Hilbert space H, ¢ : H — R is a
function with sufficient regularity, and X = (X (t)) +>0 18 an ergodic H-valued Markov process with
unique invariant distribution u.. Precisely, we consider stochastic evolution equations of the form

(1) dX(t) = AX (t)dt + F(X(t))dt + dW (1),

where (W(t)) +=0 18 a cylindrical Wiener process, and the nonlinear term F': H — H is a Lipschitz
continuous function on H. We assume a gradient structure: one has

F(z) =—-DV(x), VxzeH,

for a given potential V' : H — R. The linear operator A is assumed to be self-adjoint, negative, and
to be such that Q = (—A)~! is a trace-class operator. The class of problems encompasses in
particular parabolic semilinear stochastic partial differential equations (SPDEs),

ox(t,z)  *a(t, 2)

(2) = 5 + f(z(t,2)) + W(t,2), t>0, 2€(0,1),

driven by space-time white noise, with homogeneous Dirichlet boundary conditions, and for a smooth
and Lipschitz nonlinearity f : R — R. In this case, one has H = L?(0,1), and for all z € H, V(z) =

- S(l) U(z(2))dz, where U’ = f. In the absence of nonlinearity F' = 0, the probability distribution s,
coincides with the Gaussian distribution v = N (0, %Q) with mean zero and covariance operator %Q.
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Under technical assumptions, the invariant distribution u. is absolutely continuous with respect to
the Gaussian distribution v with a Gibbs density,

(3) dps(z) = Z 7' exp(—2V (2))dv(z),

where Z = SH e 2V(@)dy(z) is the normalization constant. The aim of this paper is to design

numerical integrators for sampling the invariant distribution p,. with high order of convergence with

respect to the discretisation timestep in spite of the low regularity of the solution of the dynamics.
Consider an integrator given by a discrete-time Markov process

(4) YnAf/l = wAt (YnAt)ﬂ

where 92t : H — H is a random mapping depending on the time-step size At. Assuming ergodicity
of the Markov process YnAt with the invariant distribution p®f, where we recall that p®t # p, in
general, we define the error for the invariant distribution

e(, At) =J pdp —f pdis,
H H

for sufficiently smooth test functions ¢ : H — R. Note that a spatial discretization is also required
in practice, however we mostly focus on the temporal discretization error in this article. The
discretization is said to be of order ¢ in time for the approximation of the invariant distribution,
if for any sufficiently smooth function ¢ : H — R, there exists C(¢) € (0,00) such that for any
time-step size At, one has

le(p, At)| < C(p) At

Recall that the discretization is said to be of weak order p if for any time 7" € (0,00) and any
sufficiently smooth function ¢ : H — R, there exists C (T, ¢) € (0,00) such that for any time-step
size At = T /N where N € N, one has

[E[o(YR")] — E[p(X (NAY)]| < C(T, 0) AtP.

Under mild assumptions, the order ¢ for the invariant distribution is larger than the weak order p,
i.e. ¢ = p. Indeed, in the weak error estimates above, one is able to show that C(T', ) may be
chosen independent of T

The main contribution of this article is to propose and analyse integrators of order ¢ = 1 and
q = 2 for the approximation of the invariant distribution. This is a non-trivial result as for parabolic
semilinear SPDEs, the weak order for the linear implicit Euler scheme is p = %7 (which is consistent

with the i_ Holder regularity of the trajectories). We refer for instance to |5, O, 12} T3] 15l 29] 34,
35] for works on weak convergence of numerical schemes applied to semilinear parabolic SPDEs.
Concerning the numerical approximation of the invariant distributions of such SPDEs, preliminary
works are [8, [16], where uniform in time weak error estimates have been obtained, for temporal
and full discretization respectively. We also refer to more recent works [10} 28, [31], 49, 60, [67] for
similar results, in particular for equations with non-globally Lipschitz continuous nonlinearities. The
article [24] provides central limit theorems instead of weak error estimates. The recent work [I1]
deals with the same type of Gibbs invariant distributions as in this manuscript, with the introduction
and analysis of a modified Euler scheme which preserves regularity of trajectories.

Finally, the question of the numerical approximation of invariant distributions has been studied
for other types of SPDEs: Schrodinger equations [27], 45, [46], Maxwell equations [25] 26], damped
wave equations [53, 23], Burgers equations [7], Navier—Stokes equations [40], [69], Burgers—Huxley
equations [66] [68], Cahn-Hilliard equations [36].

To the best of our knowledge, no higher-order method with a rigorous analysis is known in
the literature for semi-linear SPDEs of the form (). We mention the first attempt [I7] on the
construction of higher-order methods for the approximation of the invariant distribution, where
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new schemes were designed. Numerical evidence suggested that one may achieve order ¢ > 1, and
in some cases, order g = %_ has been proved in the simplified case of a linear function F.

The construction of the higher-order methods presented in this article is based on a precondition-
ing technique. Applying a suitable preconditioning operator P allows us to modify the dynamics

without altering the invariant distribution . In general, one obtains the preconditioned dynamics,
Ay (1) = P(AYP (t) + F(Yp(t)))dt + PEAW(L).

In this paper, we shall focus on the choice P = (—A)~! = @, which appears already in [30,
63, [42] in the context of Markov Chain Monte-Carlo (MCMC) methods or for the sampling of
conditioned diffusions using SPDE techniques [41) 43, 44]. There has recently been a growing
interest for preconditioning techniques for finite dimensional stochastic systems, in the context of
high-dimensional Langevin dynamics in molecular dynamics [0, [47] and in particular for overdamped
Langevin dynamics, see [63], 64] and recently [21l 32 [57, 58] 9], where preconditioning permits
to enhance the convergence to equilibrium in the transient phase. Under mild assumptions, the
stochastic evolution equation

dY (t) = —Y (t)dt + QF (Y ())dt + Q=dW (¢)

is also ergodic, with the same invariant distribution u. as the original dynamics. Note that the
preservation of the invariant dynamics when preconditioning the dynamics crucially relies on the
gradient structure condition F' = —DV. As will be clearly explained below, the preconditioning
technique permits to increase the temporal regularity of the trajectories, while the spatial regularity
is not modified. Indeed, Y is solution to an infinite dimensional stochastic evolution equation driven
by a trace-class noise, thus trajectories of Y are %_ Holder continuous. This permits to benefit from
standard techniques that have been extensively studied in recent years for finite dimensional SDEs,
in particular for the design of high order schemes for the invariant distribution (non-Markovian
schemes [54], postprocessing [II, [65], modified equations [2, 20, 52]), and for the design of variance
reduction techniques (Multilevel Monte-Carlo methods (MLMC) [38, 89|, perturbations [3, 37, 56]).

While stochastic Runge-Kutta methods are a popular approach for the design of high-order weak
methods for SDEs [22], the use of postprocessing techniques [I7, [65] yields cheap efficient methods
with high-order specifically for the invariant distribution, i.e. they can be used to increase the
order ¢ without modifying the weak order p. Given an integrator (4f), a postprocessor is a random

mapping @At : H — H, which defines a perturbation Yﬁt of the integrator output YnAt, such that
(YnAt,?ﬁ ") is a Markov chain and

At —At

Yn =1 (YnAt)'
With a good choice of postprocessor, for finite dimensional ergodic SDEs it is shown in [65] that

the order for the invariant distribution of ?ﬁt can be higher than the one of Y,2*. Moreover,
as the postprocessor correction is only applied at the last step of the method (hence the name
postprocessing), the accuracy is improved with negligible additional computational cost.

In this work, we propose in particular the following new postprocessed method where Y, yields
second order for the invariant distribution p. of the original dynamics :

1
Vo1 =Y, + AtG(Y, + 5AWS) + AWE,
— 1
Y,=Y,+ 5AWS,

where G(y) = —y + QF(y). The above method is an extension of the second order Leimkuhler—

Matthews method [54] [55] for preconditioned stochastic partial differential equations. That method

has been first introduced in the finite dimensional setting in the context of overdamped Langevin
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dynamics. It has originally been proposed as a non-Markovian method and has then been refor-
mulated as a postprocessed method in [65]. It was also recently extended for nonlinear diffusion
coefficient in [I8, 21]. Compared with the processed integrator introduced in [I7], where no pre-
conditioning is employed, one is able to provide rigorous justification for achieving the higher order
q = 2 for the approximation of the invariant distribution.

Let us present the main results of this article. Section [3] presents the application of the precon-
ditioning technique in the context of stochastic evolution equations. Proposition [3.1] shows that
the preconditioning does not modify the invariant distribution in the considered setting (see also
Lemma for a more general version). In the error analysis, one employs solutions to auxiliary
Kolmogorov and Poisson equations, Proposition provides some regularity properties of solutions
to Kolmogorov equations. In Section [} we consider the standard explicit Euler scheme

Yoi1 = Yo + AtG(Y,) + AWZ

applied to the preconditioned stochastic evolution equation, but the postprocessing technique has
not been applied yet. We show for that method that ¢ = 1, see Theorem In fact, weak
error estimates with order p = 1, which are uniform with respect to time T, are established,
and one obtains ¢ = p = 1 letting T" go to c0. Note that obtaining methods of order ¢ = 1
is already an improvement compared with methods applied to the original dynamics, which only
have order %—. Next, in Section [5, we show that the method proposed above, which combines the
preconditioning and the postprocessing techniques, achieves order ¢ = 2, see Theorem [5.4] We first
exhibit order conditions for a more general class of methods, and then show that they are satisfied
for the considered scheme. Finally, numerical experiments are presented in Section [6] in order to
illustrate the main results and compare different methods.

2. SETTING

We present in this section the standard tools for the numerical analysis of SPDEs and refer to the
monographs [33] 48|, 50, [61] for further details. Let H be a separable, infinite dimensional, Hilbert
space. The inner product and the norm are denoted by {:,-) and | - | respectively. The space of
bounded linear operators from H to H is denoted by L£(H), and the associated norm is denoted by
I+ [ zczry)- The following standard convention is used in this article. Let ¢ : H — R be a function
of class C2. For all z € H, the first-order derivative Dy(x) and the second-order derivative D?p(z)
are interpreted as elements of H and of £L(H) respectively, owing to the Riesz theorem.

Definition 2.1. Let (ek)keN
positive real numbers, such that Zzozl qr < 0. Set

Qr =) qlz.eper, weH

keN
—Ar = Z Melx,epyer, , x € D(A),
keN
with A\, = qk_1 forallk e N, and D(A) = {:p € H; Y Aidw,ep)? < oo}. Finally, let v = N (0, %Q)
be the centered Gaussian distribution on H, with covariance operator %Q.

be a complete orthonormal system of H and (Qk)keN be a sequence of

Note that @ is a self-adjoint, nonnegative and trace-class (Tr(Q) = >/_{Qex, ex) = > pry @i <
o), thus v is a well-defined Gaussian distribution on H. Recall that v is the distribution of the H-

valued random variable >, %fkek, where (ﬁk) ey are independent standard real-valued Gaussian

random variables, & ~ AN(0,1). Without loss of generality, assume that the sequence (qk) keN

is non-increasing. The sequence (/\k) ey 18 then non-decreasing, and Ag 2 00. Observe that
—00

1Ql ey = = A7t For example, let H € L?(0,1) and for all k € N, set ex(-) = V2sin(kr-) and
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A\r = m2k?. Then, the operator A given in Definition is the Laplace operator with homogeneous
Dirichlet boundary conditions, as described in .
For o € (0,1), we define the unbounded linear operator (—A)* as follows:

—A)% = Z<x, ek ek,
keN
for all z € D((—A)*) = {z € H; ey Ai%x, e)* < w0}. These operators are helpful in quantifying
the spatial regularity of the stochastic processes defined below. Let

(5) Qsyp = SUP {a Tr((—4)**Q) = 2 g2 < oo}.

We assume that gy, > 0. In particular, og, = 1/4 for the Laplace operator with homogeneous
Dirichlet boundary conditions. Note that oy, < 1/2.

Let (ﬁk)keN be a sequence of independent standard real-valued Wiener processes, defined on a
probability space (£2, F,P) which satisfies the usual conditions. For all ¢t > 0, set

t) =" Br(t)ex,

keN
= > VB (t)ex
keN

On the one hand, (W(t)) 0 18 a cylindrical Wiener process and does not take values in H. On the
other hand, (WQ(t)) +=0 18 & Q-Wiener process and takes values in H. It is straightforward to check
that v is the unique invariant distribution of the H-valued Ornstein-Uhlenbeck processes X°V and

Y OU given by
t t
XOU(t) = 1 Xx°Y(0) + f eU=4aw (s), YOU(t) = ety OY(0) +f e ~tdW9(s),
0 0
where etz = Y, e " (x, exyey for all t = 0. Note that the stochastic convolution is well-defined

with values in H:
© 1 _ 6—2)\kt

t 0 t
E\L e Aaw (s)P = > E\L e MI=0ag (52 = — <
k=1

k=1
The Ornstein-Uhlenbeck processes X©U and YOU are solutions of the stochastic evolution equations,
driven by additive noise,
dXOU(t) = AXOV(t)dt + dW (t) , dYOU(t) = —YOU(t)dt + dW (1),
respectively.

The main question studied in this article is the estimation of { ¢dj., using numerical integrators
for associated ergodic dynamics, where the probability distribution u. is given below.

Definition 2.2. Let V : H — R be a function of class C* with bounded second order derivatives.
We define

dpe(z) = 271 exp(—2V (z))dv(z),
where v = N(0,3Q), and Z = §,; e= 2@ dy(x).

Observe that V' is globally Lipschitz continuous, thus its growth is at most linear. By the Fernique
theorem, Z is finite and thus u, is well-defined. More generally, it has finite moments of all orders,

precisely, for all xk € N,
f|x|”du*($) <
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We then define the nonlinear operators F,G : H — H as follows:
F(x)=-DV(z), G(z)=—-z+ QF(x).

To prove ergodicity and analyze the speed of convergence to equilibrium for the continuous
and discrete-time processes studied below, the following assumption gives a convenient sufficient
condition. We mention that this assumption could be weakened for the study of a nonglobally
Lipschitz nonlinearity F' as studied in [14], but this is out of the scope of the present paper.

Assumption 1. Assume that

F - F
Lip(F) = sup |F(z2) (z1)] < ql_1 = A1 = min Ag.
a1 £zocH |zg — 1] keN

For example, let f : R — R be a bounded, Lipschitz continuous mapping and H = L?(0,1). The
Nemytskii operator F': H — H is defined for all x € H by

(6) Fa)() = f(x().
Then F(z) = —DV (z) satisfies Assumption |1} where

1
Viz) = J Uz(2))dz, U =—f.

To conclude this section, let us introduce a finite dimensional discretization in space, which shall
prove useful for the analysis given that a number of objects are not well-posed directly in the infinite-
dimensional Hilbert space H. Let spectral Galerkin projection operators (7rK ) ey Pe defined as
follows:

K
(7) oy = Z (x, ek yeg.
k=1

Let HX = span{ey,...,ex} denote the range of 7/, with dim H¥ = K. We define the probability
distribution pf on HX by
1
(®) Ay (v) = e exp(=2V (@) dv™ (x),
)

where 15 = N(0, 1Q), with QF = 75 QnK = SE <")\e: e, and ZK = § . e 2V@duX (z). Note
that v® is the push-forward measure of v by 7x. Observe that, for any smooth test function
@ : H — R, one has

K
SyxporleVark  { ponke Vor dy

K K
omtdu, = = — diby.
jHK 14 H SHK e~ Vdy& SH e_VOﬂ—KdV K—w JHSD H

In addition, let V& (z) = V(x) for all + € HX. Then, one has the identities —DV*(z) =
—mK DV (nK2) = a8 F(nfz) =: FX(z) for all z € HX. Note also that

sup j K |y () < o0, j jeldpes () < oo.
KeN JHK H

3. PRECONDITIONING OF ERGODIC SPDEs

In this section, we introduce the preconditioned dynamics that will permit to derive high-order
methods in spite of the low-regularity of the original dynamics. A crucial ingredient in the analysis is
to consider dynamics projected on finite dimensional spaces H¥ with finite dimension K arbitrarily
large and to derive estimates with uniform constants w.r.t. K. In particular, in the remaining of
the paper, C' denotes a generic constant independent of K.
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Let P be a bounded, self-adjoint, linear operator that commutes with A. This means that

Pr =y Pelx, ex ek, and we assume that py > 0 for all k € N, and sup p; < 00. Let (Yp(t))

>
keN t20

be defined as the solution of
(9) dYP () = P(AYP(t) + F(Yp(t))>dt +PEAW(1).

For K € N, we denote (YP’K ) the solution of spectral Galerkin method of @D,

t=0
(10) dyPE(t) = P(AYP’K(t) + FK(YP’K(t))>dt +adwP @), wPE = KwP,

where FX = 7K o F o 7K and YP¥(0) = 75Y"(0). Observe that the projection operator m%
defined in commutes with A and P. Note that choosing P = I, problem @D then reduces to the
original problem without any preconditioning. Its spectral Galerkin projection is

(11) dXE(t) = AXK(@t)dt + FE(XE(t))dt + dWE(t), X(0) = 75 X(0).

3.1. Preconditioning preserves the invariant distribution. A natural choice of precondition-
ning is P = Q = (—A)~! which yields the modified problems

(12) aY(t) = (=Y () + QF(Y(t))dt + dWC(t),
(13) aYR(t) = (= YE(@) + QFF (YR @)))dt + dWeE(t), YE(0) = 7Y (0).

Compared with , we observe that the stochastic evolution equation is not a parabolic sto-
chastic PDE anymore as the unbounded diffusion operator A has been removed via preconditioning.
However, contrary to the cylindrical noise in , the stochastic evolution equation is driven
by a trace-class noise, since Tr(Q) < o0. Since G = —I + QF and G¥ = —I + QF" are Lips-
chitz continuous under Assumption [I it is straightforward to check that, for any initial condition
1Yo € H, both equations — admit a unique solution (Y(t)) defined at all positive times,
with Y(0) = yp.

t=0’

Proposition 3.1. Assume Assumption and let Y, Y be the solutions of the preconditioned sto-
chastic evolution equations -. Then, . (respectively uk ) is the unique invariant distribution
for and (respectively for (11) and ) Moreover, exponential mizing holds: there exists
C > 0 such that for all T = 0 and all globally Lipchitz ¢ : H — R, one has

1— LiP(F)

[E[p(Y (T))] - f pdpn] < CLip(g)e” ™ 5T (1 4 By (0))),

(17Lip(F)

s L7 (7))] — S| < CLip(eye "= 557 (1 + By ().

KeN

Remark 3.2. The convergence speed estimate of Proposition|3.1is to be compared with the estimate
for the original problem , where, under Assumptz’on the solution X satisfies

Ep(X(T) - [ pdin| < CLip(p)e ™ L1 4 BX(0))
Under Assumption [I} one has the following estimates: there exists C' > 0 such that
(14) sup E|Y (t)| < C(1 + E|Y(0))),
t=0

(15) sup E|YE(t)| < C(1+E|Y(0))]).
KeN,t=0

Proposition [3.1]is then a straightforward corollary of Lemma [3.3] below.
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Lemma 3.3. Let Assumptz’onl 1| be satisfied, p. and p be given by Deﬁm’tz’on and equation ,

and assume that A\isup pgp < mf (Mkpk). Then, there exist C,y > 0 such that, for every globally
keN
Lipschitz test function ¢ : H — ]R and for allt =0

E[p (Y (1))] - j pdyis| < CLip(@)e (1 + EYP(0))),

sup [Bo(y ™ ()] - | wdul] < CLin(e)e™ (1 + E[Y(0)]).
KeN

and p, (resp. p) is the unique invariant distribution of @) (resp. (10)).

Note that the condition in Lemma is satisfied for P = I and P = (—A)~!. In the latter case,

Aisup py, = 1 = inf (A&pk)-
keN

Proof of Lemma[3-3 Let K € N and consider the spectral Galerkin method (Y7X) >0 defined
in . First, note that X is the unique invariant distribution of on HX. Indeed, let
YPE(t) = Pry Pk (t) (note that P is invertible on H¥), and observe that this auxiliary process

solves the SDE (on H%)
dYPE () = PAYPE (t)dt + P2 FE(P2YPE ())dt + dW (1),
where WX (t) = 7KW (t) is a standard Wiener process in H. Note that the drift coefficient
satisfies, for all y € H¥ | the identity
1 1

PAy + PEFN(Phy) =~ D((-A)PEOP)(y) — DVPE(y)

with VPE(y) = V(WK,P%:U) = VK(P%y). It is a standard result that the unique invariant dis-
tribution of Y7 has density (with respect to Lebesgue measure on H K ) which is proportional
to

exp(—|(~A)EPIy2 = 20 P (y)).

Since YPK(t) = P2y PK (t), this identity and the expression of V7% then imply that the prob-
ability distribution with density (with respect to Lebesgue measure on HX) which is proportional
to
1
exp(—I(~A)y — 25 (y))
is the unique invariant distribution of @D It is straightforward to check that this probability
distribution is pf.

Second, let Ylp’K and YQP’K be two solutions of , driven by the same noise, and starting
from two different initial conditions y& and yi. Let Y% (¢) = YQP’K(t) — Ylp’K(t), and §FK(t) =
FEY]R(t) — FE(Y5(t)). Then dR(t) = PASYE (t)dt + PSFE(t), and

1d|oYE(t)[?
2W = (PASY R (1), 6Y K () + (PSFX (1), Y X (1))

< — inf  A\eppldYE @) SEEM|I6YE (¢
nf Kok OY K (1) +1:E£ka\ (O)[[0Y ™ (2)]

< <—inf APk + SUp pkLip(F)> 5V E (£) ]2,
keN keN

Applying the Gronwall lemma yields

5Y 5 (1)) < e PP sY R (o),
8



with (P, F) = llclellgl ALPE — iug prLip(F) > 0, for all + > 0, and all initial conditions y¥ and yi.
S

Since ¢ is globally Lipschitz continuous, for all y® € H¥ one has

By [o(Y P (2))] ~ f pdpt| = [Eyrc[o(YP ()] = By [0 (YT ())]]

< Lip(y) f f EI6Y X (8)]du (45 )6, (k)

HExHE
< Lip(p)e POy
HK
Finally, taking to the limit K — oo concludes the proof. O

In the sequel the preconditioning operator P is chosen as P = (—A)~! (unless specified otherwise),
and thus the stochastic evolution equation (1] is considered. This choice is motivated by a practical
reason: in many situations, (a discrete version of) the operator A is known, and it is not required

to compute numerically its inverse P = (—A)~! and its square root P Instead, in the numerical
integrators presented below, computing the LU and Cholesky decompositions is sufficient. The
choice P = (—A)~! is also motivated by the following theoretical property, stated below: the
trajectories of the solution (Y(t)) >0 are almost surely a-Holder continuous for all a € (0, 3).
This property follows from the appligation of the Kolmogorov-Centzov regularity criterion, and the
estimate

(E|Y (£) — Y (s)|7)7 < CJt — 5|3, Vs,t e [0,T].

That estimate is established using the trace-class property of the noise (Tr(Q) < o). The compu-
tations are straightforward and are thus left for the readers.

Remark 3.4. On the one hand, this reqularity is much better than for trajectories of the original
SPDE (1), which are only §-Hélder continuous for such parameters o € (0, %) On the other hand,
this temporal reqularity is the same as for solutions of finite dimensional SDFEs. As a consequence, it
1s natural to expect that the order of convergence with respect to the time-step size is increased, and
that one can design higher order methods. Note that the spatial reqularity of trajectories is unchanged
by the preconditioning procedure. This is consistent with the fact that (X(t))t>0 and (Y(t))t>0 have
the same tnvariant distribution .. Note also that applying the spectral Galerkin discretization to the
preconditioned equation yields the same process as when applying the preconditioning technique
after the spectral Galerkin discretization of the original equation . As a consequence, applying

the preconditioning technique does not modify the error due to spatial discretization.

3.2. Kolmogorov and Poisson equations for the preconditioned dynamics. Let M > 0,
B € [0,2asup) (defined in (), H? = D((—A)%?), and |z|s = |(—A)#/2x|, we say that F: H — H
is in %f‘f B it for all K, FK: HKA — HE is M times differentiable and if there exists C > 0, x > 0
independent of K such that for all 1 <m < M,

D" FX(2)(ha,. .. h)| < C(L+ |2]5)|halg - - [Pumlg, @, b1, hm € HP.

Similarly, we say that ¢: H — R is in C?D/I’B if for all K, o&: HXP — R is M times differentiable
and if there exists C' > 0, x > 0 independent of K such that for all 1 <m < M,

D" (@) (ha, ... h)| < C(L+ [2]5)|halg - | hmlp, @b, han € HP.

For instance for the one-dimensional Laplacian, observe that the Nemytskii operator @ for f(x) =

—x + cos(x) satisfies F' € %g,ﬂ for M arbitrarily large and some S € (0,1/4).
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Define the auxiliary functions v and V¥ as follows, where for the sake of brevity, we omit the index
K of the spectral Galerkin projection in the notation: for all t > 0 and y € HX,

(16) v(t,y) = Ey[o(Y R (1)),
and
(17) U(y) = fo (v(t,y) — f@duf{)dt-

Note that the function ¥ is well-defined owing to Proposition [3.1
Introduce the infinitesimal generator £ associated with the preconditioned dynamics : if
¢ : H — R is twice differentiable,

K
Lo(y) = Do(y).G"(y) + . axD*e(y)-(ex, ex).
k=1

On the one hand, v is the solution of the Kolmogorov equation

(18)

0 B B K 1 & )
50(ty) = Lo(ty) = Dot y). G (y) + 5 ];1 arD?v.(ex, er,),

with initial condition v(0,-) = ¢, where Dv(t,y) and D?uv(t,y) denote spatial derivatives of v. On
the other hand, U is the solution of the Poisson equation with z € HX,

(19) —LU(x) = () - f oy

The first and second order spatial derivatives of v satisfy the estimates given by Proposition [3.5
below.

Proposition 3.5. Assume Assumption with v = 1 — Lig’\i(lF) > 0. Consider F € :{%I,ﬁ) v(t,y)

defined in , and @ € Cf\f’ﬁ. Then, there exists C > 0, such that for allt = 0 and all y € H,
hi,...,hm e HP, one has

(20) D™ 0(t, y) (B, -y hn)| < C(1+ [y[5)e " | . |-

Note that the estimates justify that W is of class C? and W is solution of the Poisson equa-

tion .

Proof. For the sake of clarity, we present the proof of for M = 1,2,3. The estimates are proven
analogously for higher M.

Case M = 1: One has
Du(t,y).h = By [Dp(Y R (#)).0" ()]
with
dn ()
dt

By the assumption on :

= —"(t) + QDFX (YR ()" (), n"(0) = h.

|Du(t,y).h| < CE[|(=4)""(#)]].

Decompose

with
LI _ i) + QDFR (YK ()47 (8) + QDFX (Y ¥ (). ~'h.
10



Using an energy estimate in the norm |(—A)% | = |Q_% - |, one obtains

AR h()]2
AT _ b )P + OFF K ) 00,7 (1)
+{(DFR(YE(t)).e th, i (t))
< ~l(=)2" O + Lip(E)[if" (0) + el (1) +

< (v = Ol(=A)27" ()2 + Cee 2 [1]?,

where € > 0 can be chosen arbitrarily small.
Using the Gronwall inequality (observe that 7 (0) = 0) one obtains

Ie_zt\DFK(YK(t)).h\z
€

(—A)27 cf 2079 e =25 g | < Cee 20 2,

Using the upper bound 8 < i, and recalling that n"(t) = e~*h + 7"(), one obtains
(= A)B "(t)] < e (—A)h| + Cl(—A) 27 (1)
< e |(=A)Ph| + Cem 7|
Ce= 09 (=A)h,
which is the same as above (up to 7 being replaced by v — €). We then obtain
|Du(t,y).h| < Ce™|(—A)Ph.

A

Case M = 2: One has
D?u(t,y).(hn, ha) = By [Dp(Y™(1)).¢" " ()] + By [D*(YE (1)) (0" (), 7 (1))],
with ¢"t72(0) = 0 and

d¢h(t) _ _rhihe K (v K h1,ho 2 2K (v K h ho
T omta(a) + QDER (YR (0).¢(0) + QD PR (Y (1)) 0/ (1), (1)

Using the assumption on ¢ and the upper bound obtained in the previous case M = 1:
E[D*p(Y(1)).(n" (8), 7" (1)]] < Ce™>"|(=A) I [|(=4) ha.

To prove upper bounds for |(—A)#¢"-"2(t)|, the second strategy described in the case M = 1 is

employed:

1d|(—A)z¢hre (1))
2 dt

= —|(= Ay ()2 + (DFF (YK ()).¢Mh (1), ¢hot2 (1))

+ (DAFR(YE()). (" (), 0" (1)), ¢ 2 (1))

—Al(=A)2¢M2 (1) + [D2FR (Y (8).(0 (1), 02 (£) || "2 (1)
< —(7 = (=AM ()2 + Cef (- A) 0" (D)|(—A) P2 (1)
< —(v = Ol(=A)ZM 2 ()2 + Cee™ 2 (—A) b P|(—A) a2
Applying the Gronwall inequality gives for all ¢ = 0

(~A)2¢M 2 ()2 < Cee 207 (= 4)Phy 2| (— A)P ha 2.

In addition, one has 8 < %, therefore one obtains

[(=A4)7¢" "2 (1)| < Cee™ (= A4) b || (—A) ha.
11



Finally one obtains
|D?u(t,y).(h1, ha)| < Ce " |(—A) h||(—A)Phal.

Case M = 3: One has
Du(t,y).(hn, ha, h3) = By [Dp(Y " (1)).6" 273 (1)]

)-

)
))-
)
)

with ¢P1h2:03(0) = 0 and

dghhets(e)
dt

—
o~
N—
\/
m
>
[y
>
v
>
w
f\

It is only necessary to deal with the term E, [Dp(YE
the expression of D3v(t,y).(h1, he, h3) are upper boun
Using the same strategy as above, one obtains

] since all the other terms in
A)Ph[[(=A)7ha||(—A) hs].

o
@
A
CT'
Q
S

i

Ld|(=A)zghhats ()2
2 dt
and applying the Gronwall inequality gives for all ¢ > 0

[(—A)zgh s ()2 < Ce 2079 (= A) b 2| (— A)Pha[2| (— A) hg 2.

< —|(—A)aghhahs(1)? 4 Cem*1| (= A) ha|(— A) hol|(— 4)h],

In addition, one has 8 < %, therefore one obtains
[(—A)Pghh2bs ()] < Coem = (= A)YPh || (— A) Bl | (~ A) .
Finally, we obtain the estimate
|D30(t, ). (ha, ha, hs)| < Ce (= A)ha (= A)Phall (— 4) g,
which concludes the proof. O

Corollary 3.6. Under the assumptions of Proposition [3.5 with 8 = 0, for all t3 > t; = 0 and all
y,h e H, one has

(21) Dotz y)-h — Du(ti,y).h| < C(L+ |y|)vEz — t1e™7 " |hl.
Proof. It remains to prove . Let y,h € H and 0 < t; < to, then one has
Du(ta,y).h — Du(t1,y).h = E,[(Dp(Y ™ (t2)) — DSO(YK(h))) " (t2)]

+Ey [Do(YE(t1)). (0" (t2) — 0" (t1))]-
12



On the one hand, since by assumption ¢ is twice differentiable, one has
B[ (DY ™ (12)) — Dp(¥ ™ (01))) " (12)]] < 772 BB, [V X (12) — ¥ (1)
< Vip — (1 +sup E,[[Y (s)[])e™ 7" [n].
>

The last inequality follows from the identity Y5 (t3) — Y (t1) = fz GE(YE(s))ds + WR(ty) —
W®(ty), from the equality E[W(t2) — W(t1)|> = Tr(Q)(t2 — t1), and the moment bounds (T4)
combined with the global Lipschitz continuity of F.

On the other hand, using the identity n"(t) = e th + Sé eSPDFE (YK (s)).n"(s)ds, the global
Lipschitz continuity of F', and the Gronwall estimate |1 (t)| < e~7|h|, one obtains, for all 0 < t; <
t2,

Clnh( ta) —n""(t1)]
e

1)
+J esh QDFK(YK( .nh(s)|ds
t

1

Ey[Dp(Y ™ (t1)). (1" (t2) — n"(t1))]

NN

t
+Jl Th — e 72) |[QDFR (Y (s)).0 ()| ds
0

< e " (ta — t1) ] + Otz — tr)sup |n"(s)|

s>t
+Cts — tl)f e~ (t1=5) =75 | ds
0
< Ce " (ty — t1)]h|.

Gathering the estimates then concludes the proof of . O

4. HIGH ORDER ONE METHODS FOR SAMPLING THE INVARIANT DISTRIBUTION

In order to discretize the stochastic evolution equation ((12)), the simplest numerical method is
the explicit Euler scheme:

(22) Y1 = Yy + AtG(Y,) + AWE,
where AW = WR(thi1) — W9(t,), tn = nAt. More generally, we also consider the f-method,
with 6 € [0, 1]:

1—(1—0)At At 1

1+ 0At T aaQF () + W,

1+ 0At "
1

This includes the semilinear implicit Euler method for § = 1, the Crank-Nicholson scheme for 6 = 3,
and the explicit Euler method for 8 = 0.

(23) Yoi1 =

4.1. Moment bounds and ergodicity. The ergodicity of the numerical scheme (Yn)n>0 defined
by , for sufficiently small time step size At, is ensured by Lemma below.

Lemma 4.1. Let Assumption be satisfied. Let (Yn)n>0 be given by . Then, there exists
C > 0, such that
(24) sup sup E|Y, | < C(1+E|Y?).

Ate(0,1] n=0
13



Moreover, if At € (0,1], then (Yn)n>0
invariant distribution denoted by p™t. One has the estimate
2 5, At
sup fly dp='(y) < C.
Ate(0,1]

Finally, ifs v(At) = 1 — At(1 — q1Lip(F)) € (0,1), then for any globally Lipschitz test function
p:H — R and all n € N, one has

is an ergodic discrete-time Markov process, with unique

Efp(Y)] - f ™ < Lip()y (AL (1 + E[|Yo]).

Proof of Lemmal[{.1 To prove the moment bounds , introduce the auxiliary processes given by
Zni1=(1—ADZ,+ AWS | Zo=0, R,=Y, -7,
First, one has
E|Zpi1)? = |1 — At]PE|Z, |2 + AtTr(Q).
Thus

o0
sup E|Z,[* = AtTe(Q) ) |1 — AtP™ < Tr(Q).

n=0 m=0

Second, one has
Rpi1 =1 —-AH)R, + AtQF (R, + Z,),
and the global Lipschitz continuity of F' yields
|Rn+1] < (|1 — At| + AtqiLip(F))| Ry | + CAL(1 + | Zy))-
Using At € (0, 1], one has
v(At) =1 — At(1 — ¢, Lip(F)) < 1.

One thus obtains

n—1
(BIRal?)® < 1(At)"(B|Ro[2)® + CAL Y /(A sup (E|Zn[?)?
m=0 m=0
o\ & 1
< (EPY0P)* + CAtr——+= A
1 1
< (BYoH)? + O
(EYol)* + 1 — qLip(F)

Gathering the estimates concludes the proof of the moment bounds .
It remains to establish the ergodicity of the discrete-time Markov process (Yn)n>0. Let us first

check the uniqueness of invariant distributions. Let (Y"1>n€N0 and (Yn2)neN0 be two solutions of ,

driven by the same noise, and starting from two different initial conditions y' and y2. Let §Y;, =
Y,? —Y,!. Then, for all n > 0,

|0V o1] < [1 = A0, + AQF(Y,?) — QF(Yy,))

<
< Y(A)[8Y,].

Thus for all n > 0,
6| < v(AD)"y? -y,

with v(At) € (0,1). This yields uniqueness of the invariant distribution.
14



The existence of an invariant distribution is obtained using the Krylov-Bogoliubov criterion.
Indeed, let o € (0, gup). Then Tr((—A)**Q) < oo, moreover the set {z € H; |(—A)%z| < M} is
compact in H for all M > 0. Assume that Yy = 0. Then, for all n € N|

n—-1 n—1
Yo = At Y (1= A" TTQE (V) + Y (1= AT AWE.
m=0 m=0

Since (—A)*Q is a bounded linear operator (o < 1), using the Lipschitz continuity of F', the moment
bounds and the equality IE|(—A)“‘AI/V$|2 = AtTr((—A)**Q), one obtains

n—1
(E|(—A)aYn|2)% < At Z (1— At)n—l—mc(l n (E|Ym|2)%)
m=0
+ (TI‘((—A)QaQ)At TLZ:l(l B At)z(n—l—m));
m=0

1
< C+Tr((-4)*Q)2.
As a consequence, we deduce sup E|(—A)*Y,[*> < o if o € (0,asup). Applying the Krylov-

neN
Bogoliubov criterion then concludes the proof of the existence of an invariant distribution p?t

and Lemma [.1]is proved. O

Remark 4.2. Lemma remains valid for other integrators, such as the 0-method ( or the
method (| ., assuming the timestep At small enough. Moreover, if § > 5, then there s no such
timestep restriction to obtain moment bounds and ergodicity.

4.2. The Gaussian case. In this section, we detail the Gaussian case for the f-method . We
have the following result.

Proposition 4.3. Assume that F = 0 and that At < 125 if 0 < 1/2. Then (Y (t )20 and (Yn), o

At,0 -

are Gaussian processes with invariant distributions v, v satisfying

1 — og(At)?
[ v = [av| < sup Dol 75 = T0(Q),
where 5
At = —
(A = 5 - )AL
In particular, for 0 = %, the bias for the invariant distribution vanishes.
Proof. 1t is straightforward to check that the numerical invariant distribution pAt? = A0 ig a
centered Gaussian distribution, with covariance At 20870, If g = %, then og(At)% = 1, thus v is the

invariant distribution of the discrete-time process (Y )
Assume now that 6 € [0,1]\{3}, then one has

oo(At)? =1+ O(At).

If o : H— R is of class C?, with bounded second order derivative, then

T
(25) |Jgpdym’0 — jgodu| < r(2Q>sup | D%o(y e |o (At)? — 1| = O(At).
yeH

n=0"

Indeed, assume without loss of generality that og(At)? < 1. Let Y240 ~ A(0, %WQ) = yhto

and RAW ~ N (0, MQ) be two independent Gaussian random variables. Then the sum
15



YALY 1 RALY has distribution NV(0, Q) = v, which yields

| J‘dem’e - JWV\ = [Efp(Y 2] = E[p(Y 24 + RA)]]
= [E[p(Y2")] = E[p(Y 2" + RAY)] — E[(Dp(Y ), RAY)]]
< sup HDQSD(y)”[:(H)EHRAt’H 2]

1-— U@(At)2
2

=sup [D%*o(y)] cmy Tr(Q).

The case og(At)? > 1 is treated by a similar argument. O

Proposition 4.4. The Gaussian distributions v and v™"? are singular, as soon as og(At)? # 1.

As a consequence, when At — 0, the convergence does not hold in total variation distance, more
precisely

1
(26) dry (v, v) = = sup ‘Jgpdum’e - f(pdz/‘ =1,
2 peB, (HR), o<1

where By(H,R) denotes the space of bounded measurable functions from H to R.

Proof. Assume without loss of generality that o(At)2 > 1. Let Y20 ~ 1A% and Y ~ v, then by
the Law of Large Numbers, almost surely

K At,0 2 2
1 Yyab At 1
Z(K en)l 1) ~ e 00(At) ~ o,
VK k=1 qk K—o 2 K—ow

whereas, by the Central Limit Theorem, one has the convergence in distribution

1 & (\<Y, el
VK 2\

Consider the following family of bounded continuous functions:
K 2
. € ’<7 ek>‘
:2m1n(1,exp — —1 )—1,
Pe, K ( VK 1;1( " ))
with arbitrary € > 0 and K € N. Then letting first K — oo, then € — 0, one has

sup |J<,0dyAt,c9 _ f¢du| > lim lim |f¢€’KdVAt,9 B J%:KCM _o,
eCP(H,R),|pllo<1 e—0 K—o0

1

where CP(H,R) denotes the space of bounded continuous functions from H to R. 0

4.3. Error analysis of the bias for the invariant distribution. The objective of this section is
to show that the method has order one of convergence for sampling the invariant distribution.
We rely on the following additional assumption, that is naturally satisfied if F' is of (8, 2)-regularity.

Assumption 2. The mapping G : H — H is twice Fréchet differentiable, with bounded first and
second order derivatives.

Assumption[2]is a strong assumption that simplifies the convergence analysis, but does not include
for instance the case of the Nemytskii operator () for f(z) = —x + cos(z). In Section [5] we shall
consider instead alternate assumptions for higher order estimates for the invariant distribution.

16



Theorem 4.5. Let Assumptions (1| and @ be satisfied, and consider the integrator given by .
Assume that ¢ : H — R is twice Fréchet differentiable, such that

sup [Dp(y)| + sup [D*0(y)| ooy < 1.
yeH yeH
Then, there exists C > 0 such that for all At € (0,1], one has

(27) | f pdpt — f wdju.| < CAt.

Theorem is a generalization to the non-Gaussian case of the error estimate . The need to
consider sufficiently regular test functions ¢ has been justified by the non-convergence result .
The main tool of the proof is the auxiliary function v defined by (16|, which solves the Kolmogorov
equation . The regularity estimates stated in Proposition y a crucial role.

Proof of Theorem[[.5 Let 7' € (0,7) be fixed. To prove that holds, it suffices to establish the
following weak error estimate: there exists C' > 0 such that for all At e (0, Atp] and all N € N, one
has
E[p(Yn)] = E[p(Y (tn))]] < CAL,

with tny = NAt. Passing to the limit N — oo then yields .

The strategy employed to study the weak error of numerical schemes, both in finite and infinite
dimension is as follows. First the weak error is rewritten in terms of the solution v of the Kolmogorov
equation. Second a telescoping sum argument yields the following error expansion:

Elp(Yn)] = E[e(Y(tn)] = E[v(0, YN)] — E[v(tn, Y0)]
N—-1
= Z E[U(tN —tnt1, Yn-i—l) - v(tN - tnayn)]'

n=0
In order to apply the It6 formula to estimate each term of the sum above, it is convenient to
introduce the following continuous-time auxiliary process: for all n € Ny and all ¢ € [t,,, t11], set

Y(t) =Yy + (t— t2)G(Ya) + (W) — WO(ty)).
Observe that ?(tn) =Y, for all n € Ny, and that for ¢ € [t,, t,+1], one has
dY (t) = G(Yy)dt + dWO(t).

Owing to the moment bounds and using the Lipschitz continuity of F', the following moment
bounds for the auxiliary process Y is obtained: if At < Atg, one has

(28) sup E|Y (t)| < C(1 + sup E|Y,|) < C(1 + E|Yp)).
t=0 n=0

For each n € Ny, introduce the auxiliary infinitesimal generator Eﬁt, such that

E2%p(y) = (G(¥), De(y)) + 5 Tr(QD%()).

Applying the Itd6 formula and the fact that v solves the Kolmogorov equation , for all n €
{0,..., N — 1}, one has

E[v(tn — tns1, Y1) — v(En — b, Ya)] = fnﬂ E[(L5" — 0)v(ty — t, Y (t))]dt

_ JW E[(£2" - L)v(ty —t, Y (t))]dt

- J:H E[<G(Y"1);9GA(2/@)) ,Do(ty —t,Y(t)))]dt.

17



We introduce the following decomposition of the error:

e - f A E[(G(Y,) — GV (1)), Doty — tn, Ya))]dt,
2 = ftnﬂ E[(G(Yn) — G(Y (), Dv(tn — tn, Y () — Dv(tn — tn, Yn))|dt,

& _ f " B(G(Ya) — G (1), Dulty — £, T (1) — Dol — t, ¥ (0)))]dk.

To deal with the first error term €., introduce the auxiliary function ¥,, = (G(-), Dv(tx —tn, Yn)).
Using a conditioning argument and applying the [t6 formula, one obtains

E[<G(Yn) - G(Y/(t))va(tN - thn)> | Yn] = E[\Ijn(Yn) - \I’n(}}n(t)) | Yn]
_ f E[£200,,(V(s)) | Ya]ds.

Owing to Assumption [2| and to Proposition [3.5] it is then straightforward to check that the first
and second order derivatives of ¥,, satisfy

D (y).h| < Ce O h| D20 (y).(h, K)| < Ce 1) | k).
As a consequence, using the moment bounds ,
lel| < C(1 + E[Y|)At2e 7N —tn),

To deal with the second error term €2, it suffices to use Propositionand the Lipschitz continuity
of I, to obtain

t \ /
|€721| < Ce_'y'(tN—tn)J E|Y (¢) — Yn|2dt <C(l+ E|Y()|2)At26_7 (tn—tn)_

To get the last inequality above, observe that for all ¢t € [t,, tn41],
(29> ED}(t) - Yn|2 = (t - tn)2E|G(Yn)|2 + (t - tn)Tr(Q) < C(l + \y|2)At,
using the moment bounds .

To deal with the third error term e

o, it suffices to use the estimates (see Proposition |3.5)
and : indeed, one obtains

tn+1 ,
el <c eV Nt — 1) (1 + E[Yo|?)ds,
tn
using the moment bounds ([24]).
Gathering the estimates for €}, €2 and €} then yields

N-1
E[¢(YN)] - E[‘ﬁ(Y(tN)]’ < ‘E[U@N —tntt, Yn-i—l) - v(tN - thn)]‘
n=0
N-1
< 2 (leal +lenl +1e2])
n=0

tN ,
<c(+ ]E]Y()]Q)Atf ¢~ (tx =) gy
0

Q0
<C(1+ JE|Y0|2)AtJ e tdt.
0
This concludes the proof of Theorem O
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5. HIGH ORDER CONVERGENCE ANALYSIS
The aim of this section is to create, under stronger regularity assumptions, high order methods
for sampling p., given by . We consider one step integrators with postprocessors,
A A A At —At A
Yn+t1 =1 t(Yn t)? Y, = (0 (Yn t)‘

We consider a vector field F' € :{}15'3 and test functions ¢ € Cgﬁ . Recall that the dynamics (Y(t)) >0
to be discretized is given by the preconditioned SPDE ([12). This process is ergodic and mixing,
and its unique invariant distribution is p.. Thus, we assume a similar property for the integrator.
We consider the following assumptions.

Assumption 3. For some Aty > 0, if At € (0, Aty], the Markov process (YnAt)n

mizing. Its unique invariant distribution, denoted by pt, satisfies

Ble(v)] =, [ edi,

o 18 ergodic and

for all bounded and continuous test functions ¢ : H — R, and any arbitrary initial condition y € H.

Assumption 4. The integrator has bounded moments of all order: for any x € N, there exists
C > 0 such that

sup  sup E[|YnAt\g] < C(1+ [Yol3)-
Ate(0,Ato] n>0

Note that Assumption [4] provides moment bounds for the numerical invariant distribution 2t

sup [ lolsan(0) < C.
Ate(0,Ato]

In Section [5.1] we perform an analysis for a general scheme relying on Assumptions |3| and
while in Section we focus in particular on the following method of second order for the

invariant distribution. It corresponds to the Leimkuhler-Matthews method [54, 55] applied to the
preprocessed dynamics and reformulated as a postprocessed integrator [65],

1
Yoi1 = Yy + AtG(Y,, + 5AWE) +AWC,
(30) 1
Yo=Y, + 5AWT?,

and on its spectral discretisation
1
VE, =VE + AtGE(YvE + 5AW,?»K) + AWK
— 1
YE —yE 4+ SAWE.

Note that, under Assumption [1} the scheme naturally satisfies Assumptions [3| and |4} which is
shown by using the same techniques as in the proof of the moment bounds from Lemma
(see also [62 Lemma 2.2|).

5.1. Convergence analysis for high order methods. The objective of this section is to exhibit
order conditions to have methods of order 2.
First, Lemma [5.1] is an alternative approach compared to Section [4] to check that a method is of
order 1.
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Lemma 5.1. Under Assumptwns@ andl assume that, for any p € C , one has the Taylor-type
eLpansion

E[o(2 ()] — o(y) = AtLp(y) + AP Ry(p,y, At),

for all At assumed small enough, with — sup  [Ri(p,y,At)] < C(1 + [y|%) for some p € N and
Ate(0,Ato]

C > 0. Then, for At - 0 and p € C;lg’ﬁ
(31) deum - Jsodu* = O(At).

Proof of Lemma[5.1. Since p®t is the invariant distribution of the Markov chain (YnAt)n>0, one has
the following equahty. for all At e (0, Aty],

(32) f(E[so(lﬁAt(y))] - @(y))dum(y) = 0.
Then, one obtains
0= f Lo(y)du™ (y) + At f Ry (¢, y, At)dpu™'(y).

Choosing ¢ = ¥ then yields
jwdu“ — f@du* — At f Ry (g, y, At)du™(y) = O(At),
owing to the moment bounds for the numerical invariant distribution p®t. ]
Using the same approach then yields the following result.
Proposition 5.2. Under Assumptwm@ andl assume that, for any ¢ € C , one has the expansion

E[e(¥2 ()] — o(y) = AtLo(y) + A2 A1p(y) + At Ry(p, y, At),

for all At assumed small enough, where A1p € C}%’ﬂ and the following estimate is satisfied for some

peNand C > 0,
sup  (JAie(y)l + [Ra(e,y, At)]) < C(1+ Jyl5),

AtE(O Ato]
where p e N and C > 0. Then, zfgoeC , one has for At — 0,
(33) fsodum - fs@du* = AtJAﬂI’(y)du*(y) +0(At?),

where U is given by the Poisson equation . Moreover, assume further that for any ¢ € CG’B, one
has the error expansion

iAt N J—
E[p(¢™ (1))] — ¢(y) = AtAip(y) + AP Ra(p, y, At),
with Ajp € C}l,’ﬁ, A11 =0, and the estimate for some pe N and C > 0,

sup  (JAre(y)l + [Ra(p,y, At)]) < C(1+ Jyl5).
Ate(0,Ato]

Then, if g € C , one has
(34) j odf ™t — f pdji = At j (Ar + [£, A1) ¥ (y)dps (y) + O(AL2),

where [E,?ll] = LA — AL denotes the commutator of the operators L and Ay .
20



Proof of Proposition[5.3. The proof of follows the same steps as the proof of : using the
identity with ¢ = ¥, one obtains

fgodum — fcpd,u* = Atf.Al\I/duAt + O(At?)
= AthpIsz* + O(At?)
using for the function AV € C?D’B in the last step. To prove , observe that
fwdﬁ“ - Jsodu“ - J(E[sa(wm(y))] — oly) )d™(y)
= At J Arpdptt + 0(At?)
— AthleM* + O(A#?),
using for the function Ajp € Cj‘;ﬂ in the last step. Combined with , this yields
fapdﬁm - fgodu* - AtJ(AﬂI/ ~Ayp)dp. + O(AL)
= At J(Al — A1 L) Wdp. + O(AL?)
= At (A1 + £, A ¥(0)dun () + O(AR),

using ¢ = —L¥ + {@du,., the assumption that A1l = 0, and, in the last step, the property
§ Lodpe = 0. O

As an immediate consequence of Proposition [5.2] one may state algebraic conditions for order 2
as follows.

Corollary 5.3. Under the Assumptions of Proposition and if § Avpdu. = 0 for all p € CIGD”B,
then, for all v € C?D’B, one has

Jgod,um — Jgpdu* = O(At?).

Alternatively, assume that S(.Al + [ﬁ,jl])god,u* =0 forallpe Cﬁ,’ﬁ. Then, for all ¢ € CIG;.’B, one has

Jsodﬁ“ — fsodm = O(A#).

5.2. Construction of second order methods. The main result of this section is the following
convergence theorem of order two for the new method .

Theorem 5.4. Let the integrator with postprocessing be given by , Under Assumption (1] and

assuming F' € %j‘t;ﬁ, for all ¢ € CIGD’B and all At small enough, the following second order estimate
for sampling the invariant measure of holds,

deﬁm — fs@du* = O(A#).

Moreover, in the Gaussian case F = 0, the method is exact: T2t = v.
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The proof of Theorem [5.4] relies on Corollary [5.3] and the lemmas below on the weak Taylor
expansion of method and its postprocessor , in the spirit of the analysis of [4, Sect. 8] and [65),
Sect. 7] in the finite dimensional context. A key ingredient is to perform the calculations for the
finite-dimensional dynamics in H%, and then take the limit K — 0.

Remark 5.5. The analysis could be extended for the creation of methods of any high order for the
invariant distribution in the spirit of [4] in the finite dimensional context. As the calculations become
tedious, we mention that the algebraic formalism of exotic Butcher series [19, 20} 51} 52] could be
extended to the present context and used for simplifying the calculations of the Taylor expansions.

Lemma 5.6. Under the assumptions of Theorem and for all p € C6”8, the local weak expansion
of the integrator (30]) is
E(¢( n+1)\YK ) = p(x) + AtLp(x) + A Aip(z) + At Ry (p, , At)

with

1

-AI(P = §D2(P-(GK7GK Z%DS 62762, 2 CIZQJ 6176276J7ej)
1,j=1
1
+ ngo. Z ¢ D*GE (e;,¢;) Z ¢ D%p. K e e,
i=1

where (e’f)keN 1s the complete orthonormal system of H considered in Definition and the re-

mainder satisfies the bound

Proof. Following the lines of |65 Sect. 7| (where the ¢; coefficients were not considered), we perform
a Taylor expansion of ¢(Y,+1) around Y, up to order 6 and a Taylor expansion of G(Y;,+1) up to
order 4, which yields the desired expansion with the remainder:

Ro(p,x, At) = Efl w Doy(z).D*GE (z + QAWQ) (2 )4d9
0 3! At
L1 -0)° AYK
+E DSp(z + 0AYE) (=)0,
| St M)

where )
AYE = vE —vE - AGE(vE + 5AW,?) + AWQ.

We first observe using (5) and G = —z + QF(x):
EAWZ|%5 = E|(—A)2Q2AW,|* < CAt?, |G(x)

Thus, the increment satisfies

g < C(1 4+ |z]F).

AY,
El—/—=| < C(1 + |z|}).
The bound on the remainder is a consequence of the regularity assumptions ¢ € C%’B and F €

47
x5 O

Lemma 5.7. Under the assumptions of Theorem and for all p € Cgﬂ, the local weak expansion
of the postprocessor integrator 18

E(p(V)|V,K = 2) = p(z) + AtAip(z) + ARy (g, 2, Al),
where

Arp = Zqz ¢.(€5,€i),

zl
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and the remainder satisfies the bound
E[[Ri(p,z, At)]] < C(1 + |2]5).

Proof. The remainder is given by

- (10 , AWZ
Ri(p, x, At =EJ 7D +9AW§2 (—)*d0.
and the proof concludes analogously to that of Lemma OJ

Lemma 5.8. The operators A; and Ay from Lemma and satisfy the second order condition
of Proposition[5.5: B
(Arp + [L, Ad] cp> = 0.

Proof. Considering the notations (), = $i () dp(x = (GK,¢e;), djp = ¢'ej, and using
repeatedly the integration by parts formula,

Ojp102),, = <—S015j902 - 2@1<P2qj_1GjK>#

a calculation yields

<Z QZQJ eZaezaejaej > < 22(11 ez,ez,GK)> >
2] 1 ox

Zqz ez,el,G > Zquz DGKel,ez)—QD2 (GK,GK)>
Mox

Hx
We deduce
<-A190> Z%D‘P DZGK 61,61 ZQ’LD2 DGK 617ez)>
Using the calculation for the commutator operator,
[‘Caﬁl](p: _72(]21)80 DZGK 62762 Z%DQ 6i76i)7
this concludes the proof. O

Proof of Theorem[5.4] It remains to check the statement that in the Gaussian case F' = 0, one finds
2t = v for all At. First, if (Yn)n>0 is given by , then

Yype1 = (1 =AY, + (1 — %)AW,?.

Thus, if At < 1, the numerical invariant distributions are Gaussian: p®* = N(0, U(ATt)QQ), with
A= 8P A

1— (1= At)? 2"

and 7 = N (0, 725 2.0) — N (0,Q) = v, 0

Remark 5.9. We emphaszze that alternatively to method , one can simply consider weak order
2 integrators applied to the preconditioned dynamics , for instance, the Runge-Kutta 2 (RK2)
method with two evaluations of G per timestep,

Y, = Y, + AtG(Y,) + AWY,

o(At)? =

G(At

(35) At X
Yor1i =Y, + T(G(Yn) + G(Yn)) + AWT?
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*

error for p

timestep At

FIGURE 1. Error for sampling the invariant distribution of the preconditioned SPDE
in the spatial domain [0,1] with A = A and F(z) = 0 using the explicit and
implicit Euler methods EE and IE (([23) with = 0 and # = 1), their postprocessed
counterparts the Leimkuhler-Matthews method LM and plE , the RK2
method and the Crank-Nicholson scheme CN with 0 = %, with the test

function o(x) = exp(— |z]32) and M = 108 trajectories.

Note, however, that, in contrast to method , method is not exact for the invariant distribu-
tion in the Gaussian case F' = 0. Alternatively, one can also consider the postprocessed integrator

from [I7] based on the semilinear implicit Euler method

1 At 1 1
AW 4~ AW
1+ AT + AtQF(Y” * 2(1 + At)AW”) 1T AtAW" ’

Yn+1 =
(36) o 1
Y=Y+ ——— AW
2(1 + 7) 2
An advantage of method , with only one evaluation of F' per timestep, is that it has no timestep
restriction for stability and it is exact for the invariant distribution in the Gaussian case F' = 0.

6. NUMERICAL EXPERIMENTS

Let us now illustrate numerically the theoretical results. We give error curves for the new methods
of the article for the preconditioned SDPE to confirm the theoretical orders of convergence.
Then, we observe the effect of different preconditioning on the order of convergence and introduce
an alternative preconditioner based on Chebyshev polynomials.

We first consider the postprocessed explicit and implicit Euler methods — for solving the
preconditioned SPDE in the spatial domain [0,1] with A = A. We apply a standard finite
difference approximation of the Laplacian with the stepsize Ax = 0.02, the final time T" = 10 which
is sufficient to reach equilibrium, and different timesteps At to observe the rates of convergence. We
consider M = 10® trajectories (using 450 CPUs) and plot an estimate of the error for the invariant
distribution by using the standard mean estimator:

3 2 ) ~ B0

Jar =

HNE
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error for M,

timestep At

FIGURE 2. Error for sampling the invariant distribution of the preconditioned SPDE
in the spatial domain [0,1] with A = A and F(x) = —x + cos(z) using the
explicit and implicit Euler methods EE and IE ((23) with § = 0 and 6 = 1), their
postprocessed counterparts the Leimkuhler-Matthews method LM and plE ,
the RK2 method and the Crank-Nicholson scheme CN with 0 = %, with
the test function ¢ (z) = exp(— |z[32) and M = 10® trajectories.

where Ylffm) is the m-th realisation of the integrator at time 7" and we consider the test function
o(z) = exp(— |z]32). We compare this approximation with a reference value for $ pdpis given
by the approximation Jy-o with the Leimkuhler-Matthews method . We emphasize that the
approach could be combined with variance reduction techniques, such as Multi-Level Monte-Carlo
methods, though this is out of the scope of the present paper.

We observe in Figure [I] the Gaussian case where F' = 0. The integrators EE, IE, and RK2 have
the expected order of convergence for the invariant distribution. Moreover, the other integrators
have no bias for the invariant distribution and we observe only the Monte-Carlo error. We repeat
the same experiment, this time with the Lipschitz nonlinearity F'(z) = —x + cos(z). We observe the
predicted order for the invariant distribution of the methods in Figure [2] which illustrates Theorem
It is remarkable that the Leimkuhler-Matthews scheme with preprocessing yields the best
accuracy among the tested methods.

Let us now observe the behaviour of a given scheme for approximating the preconditioned dy-
namics (9) with P = (—A)~* for different « € [0, 1] and the nonlinearity F(z) = —x + cos(z). We
apply the following time-discretisation with the same finite difference approximation as previously:

(37) Y1 = (I — AtPA)YY, + AtPE(Y,) + AW]).

The reference values are given by the integrator with Ay = 278 and o = 1. We observe on
Figure that the preconditioner improves the order of convergence from 1/2 to 1 as a goes from 0 to
1, to emphasise the advantage of the preconditioner enhancing the convergence rate, here illustrated

with the method .
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1072 107! 10
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FIGURE 3. Error of the integrator for sampling the invariant distribution of
the preconditioned SPDE (9) in the spatial domain [0,1] with 4 = A, F(z) =
—x+cos(z), P = (—A)~ for different a, the test function ¢(z) = exp(— [z]32) and
M = 107 trajectories.
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