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Abstract. Splitting methods are a natural choice for the numerical time integration of partial
differential equations, and arbitrary high order splitting schemes exist for Schrödinger equations
with periodic boundary conditions. However, in the presence of non-periodic boundary conditions,
we show that they suffer in general from an order reduction, even for smooth initial conditions. The
reason for such order reduction phenomena are so-called compatibility conditions, which are not
preserved by classical splitting schemes. In this paper, we introduce a family of modified splitting
methods for one-dimensional linear Schrödinger equations with homogeneous Dirichlet boundary
conditions, which achieve an arbitrary high order, and do not suffer from any order reduction.
This is illustrated with a fourth order splitting scheme considering initial conditions with various
regularity properties.

1. Introduction

We aim at studying smooth solutions to the linear Schrödinger equation

(1.1) i∂tu = (∂2x + V )u in R× (0, 1), u(·, 0) = u(·, 1) = 0 in R,

where V ∈ C∞([0, 1];R) is a given potential and u : R × [0, 1] → C. More precisely, we look for
solutions

(1.2) u ∈ C0(R;H2k) ∩ C1(R;H2k−2)

for some k ≥ 1, where the Sobolev spaces are defined as usual by

Hk = {u ∈ L2([0, 1];C) | ∀ℓ ≤ k, ∂ℓxu ∈ L2([0, 1];C)}.

In general, Schrödinger equations serve as the fundamental evolution model for driven quantum
systems, e.g. in optics [31], quantum fluids [7, 8], and laser-matter interaction such as strong-field
ionization [33]. The one-dimensional linear problem (1.1) is of use to linearize nonlinear problems
and approximates higher-dimensional confined quantum systems, especially in the context of split-
ting methods. Thereby, the problem is often studied over a torus, i.e. with periodic boundary
conditions [13, 18, 28], see also [22, 23], where low regular initial data is considered. In contrast, on
an unbounded domain, usually one inserts absorbing boundary conditions for the time integration
of the problem [2, 3, 4, 5]. However, when modeling a particle confined to a bounded region, we
impose homogeneous Dirichlet boundary conditions.

A common way to integrate in time the boundary value problem (1.1) on a time inverval [0, T ]
for some T > 0, is to approximate the exact flow by a numerical scheme at time tn = nτ , where
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τ > 0 is the time step. We write

un+1 = Φτun ≈ u(tn+1) = e−iτ(∂2
x+V )u(tn), n = 0, 1, . . .

where Φτ is one step of a numerical scheme, e.g. a splitting method, which approximates the exact
flow e−iτ(∂2

x+V ). We consider two subproblems, namely

(1.3) i∂tu(t, x) = ∂2xu(t, x) in R× (0, 1), u(t, 0) = u(t, 1) = 0 in R,
as well as the potential equation

(1.4) i∂tu(t, x) = V (x)u(t, x) in R× (0, 1),

where we denote the exact flows by e−it∂2
xu(0) and e−itV u(0) for given initial data u(0, ·) = u(0) and

t ∈ (0, T ]. Although an operator splitting is not absolutely necessary for the time integration of the
linear problem (1.1), splitting schemes allow a separate treatment of each sub-operator, which can
lead to increased efficiency and easier implementation.

In [21] (see also [6] for lower regularity assumptions), second order convergence for the Strang
splitting scheme

(1.5) ΦStrang
τ = e−

iτ
2
V e−iτ∂2

xe−
iτ
2
V

is shown when integrating i∂tu = (∂2x +V )u over the torus, i.e. in the context of periodic boundary
conditions. More general, in [32] splitting methods

(1.6) Φτ = e−ibsτ∂2
xe−iasτV · · · e−ib1τ∂2

xe−ia1τV ,

of arbitrarily high order are achieved for real coefficients aj , bj , j = 1, . . . , s, s ≥ 1, satisfying par-
ticular order conditions. While the full order convergence seems to persist for the second order
scheme (1.5) when integrating in time the initial problem (1.1) with homogeneous Dirichlet bound-
ary conditions, splitting methods of higher order suffer in general from an order reduction. For the
numerical experiments, we focus on the symmetric splitting scheme

ΦY0
τ = e−ia1τV e−ib1τ∂2

xe−ia2τV e−ib2τ∂2
xe−ia2τV e−ib1τ∂2

xe−ia1τV ,(1.7)

introduced by Yoshida [34] in the context of Hamiltonian systems, with real coefficients

a1 = (2(2− 21/3))−1, a2 = (1− 21/3)a1, b1 = 2a1, b2 = −24/3a1,

based on the order conditions in [29]. Method (1.7) is of formal order four, i.e. we observe a
fourth order convergence of the numerical solution un = (ΦY 0

τ )nu(0) to non-stiff ordinary differential
equations with smooth vector fields. However, in general it converges with order strictly smaller
than four when applied to problem (1.1). In Figure 1, we illustrate the convergence behavior of
the Strang splitting method (1.5) and the classical scheme Y0 (1.7). On the left panel, for the
initial condition u(0)(x) = sin(2πx) and the potential V (x) = cos(2πx), we observe full order
convergence for both schemes. The choice of the even potential and the odd initial data is somehow
favorable, since the numerical solutions of (1.5) and (1.7) correspond to the splitting solutions of
problem (1.1), when considered with periodic boundary conditions, see Remark 5.2 for more details.
Moreover, for u(0)(x) = x(1 − x)ex(1−x) and V (x) = 1 + 4x − 4x2, this property is lost, and (1.7)
converges with reduced order two. Thus, both in terms of the convergence order and the error
constant, the naive method (1.7) does not perform better than the second order scheme (1.5). In
the literature [10, 11, 16, 17, 20], there exist modifications of splitting schemes, which avoid such
order reduction phenomena for parabolic problems. However, in general there is no improvement in
terms of the order when we directly apply those correction techniques in the context of Schrödinger
equations.

The reason for such an order reduction as observed in Figure 1 is caused by the presence of some
non-trivial generalized boundary conditions. We show that whenever the solution to problem (1.1)
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odd initial condition, even potential more general initial condition and potential

Figure 1. Convergence error of the splitting schemes (1.5) and (1.7) applied to prob-
lem (1.1) for initial condition and potential u(0)(x) = sin(2πx), V (x) = cos(2πx) (left) and
u(0)(x) = x(1−x)ex(1−x), V (x) = 1+4x−4x2 (right) respectively. Reference slopes of order
two and four are given in dashed lines. We set the final time T = 0.1, and use N = 512
points to discretize the interval (0, 1). For the reference solution, we consider an explicit
fourth order Runge-Kutta method with time step τ = 10−6.

is smooth in the sense of (1.2), it satisfies so-called compatibility conditions (see Proposition 2.1).
In other words, u lives in the function space

(1.8) H2k
V = {u ∈ H2k | ∀ℓ = 0, 1, . . . , k − 1, (∂2x + V )ℓu(0) = (∂2x + V )ℓu(1) = 0}.

In [24], such conditions were first introduced for non-autonomous problems ut + A(t)u = f(t),
where A is a closed operator with good stability properties, and later applied to a generalized
Schrödinger equation with Neumann/Dirichlet boundary conditions. We also cite [25], where the
same framework is used to show global existence of small solutions to nonlinear viscoelasticity.
Furthermore, compatibility conditions were studied in order to achieve high regularity of solutions
to hyperbolic problems with non-homogeneous boundary conditions [26, 30].

If we integrate in time problem (1.1) by means of classical splitting methods, the compatibility
conditions are in general not preserved, which may lead to a loss of regularity. In particular, the
operator u 7→ V u does not map H2k

V -functions to H2k
V . For instance, for k = 2, there holds that

H4
V = H4

Dir, where we denote in general by

(1.9) H2k
Dir = {u ∈ H2k | ∀ℓ = 0, 1, . . . , k − 1, ∂2ℓx u(0) = ∂2ℓx u(1) = 0}

the space (1.8) for V = 0. Then, considering u(x) = sin(2πx), we have u ∈ H2k
Dir for all k ≥

0. However, if u is multiplied by V (x) = sin(2πx), there is ∂2x(V u)(y) ̸= 0, y ∈ {0, 1} (and
analogously for higher derivatives), and consequently V u /∈ H4

Dir, see also Figure 4 in Section 5.
This phenomenon does not appear when periodic boundary conditions are considered. That is
why the convergence results for high order splittings over a torus cannot directly be applied in the
context of zero boundary conditions. In general, in order to get high order convergence, the solution
has to be sufficiently smooth, which is the reason why the compatibility conditions intervene.

In this paper, we introduce a family of numerical methods, which integrate in time the evolution
problem (1.1) with arbitrarily high order. Our approach relies on writing the smooth solution as

u(t) = eCke−it(∂2
x+V cor

k )e−Cku(0).(1.10)
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Here, v = e−Cku can be seen as a change of variable H2k
V → H2k

Dir, where we define corrector
functions Ck, k ≥ 1, in a way such that v and all its derivatives ∂2ℓx v, ℓ < k, vanish at the boundary.
Furthermore, e−it(∂2

x+V cor
k ) denotes the exact flow to the modified problem

(1.11) i∂tv = (∂2x + V cor
k )v, in R× (0, 1) v(·, 0) = v(·, 1) = 0 in R,

where V cor
k = e−Ck(∂2x+V )eCk −∂2x defines the modified potential (which is no more a multiplication

operator). We will show that this flow preserves the function spaceH2k
Dir. For the time discretization,

we use splitting methods to approximate the solution of problem (1.11). For τ > 0, we denote by Φcor
τ

one step of a splitting scheme (1.6) applied to the Cauchy problem. This corrected splitting schemes
preserve the space regularity, e.g. the modified compatibility conditions, given by H2k

Dir. In order
to discretize in space, we first apply a periodic extension to the torus of double size of the interval
[0, 1], and define the respective functions on this torus, we write e.g. w(0) for the extended initial
condition. Then, we use pseudo-spectral methods in order proceed the space discretization, where
the index N indicates that the operators and functions are discretized in space, and corresponds
to the number of points we use to discretize the space (0, 1), to the number of Fourier modes
respectively. Finally, for the numerical schemes

un,N = eCk,N (Φcor
τ,N )ne−Ck,Nw

(0)
N(1.12)

there holds the following error estimate. If 1 ≤ a ≤ k and u(0) ∈ H2k
V then for all T > 0 and N ≥ 1,

we have

∥u(tn)− un,N∥H2a ≲T,k (τmin(k−a,p) +N−2(k−a))∥w(0)∥H2k for 0 ≤ tn ≤ T,

where u ∈ C0([0, T ];H2k
V ) is the solution of (1.1) and p ≥ 1 is the formal order of the splitting

scheme Φτ .
The outline of the paper is as follows. In Section 2, we define the compatibility conditions and

show that (1.10) is a unique solution (1.2) to (1.1). Furthermore, we discretize this solution in
time by means of classical splitting schemes. In Section 3, we explain the space discretization and
introduce the notation in order to prove the main result in a fully discretized setting. In Section 4,
we show that the modified splitting schemes (1.12) integrate in time problem (1.1) with arbitrary
high order, and therefore avoid order reduction. Finally, in Section 5 we confirm numerically
the convergence result while applying the presented modifications to the fourth order splitting
scheme (1.7).

2. Compatibility conditions and correctors

In this section we give a representation of smooth solutions (1.2) to the boundary value prob-
lem (1.1), and discretize them in time by means of splitting methods. Then we show arbitrarily
high order convergence of the new schemes.

2.1. Compatibility conditions. In the following result, which is inspired by [24], we show that
smooth solutions to (1.1) satisfy the compatibility conditions defined in (1.8).

Proposition 2.1. Let k ≥ 1 and u ∈ C0(R;H2k) ∩ C1(R;H2k−2) be a solution to (1.1) then

∀j ≤ k, u ∈ Cj(R;H2k−2j
V )

where
∀a ≥ 0, H2a

V = {u ∈ H2a | ∀ℓ < a, (∂2x + V )ℓu(0) = (∂2x + V )ℓu(1) = 0}.

Proof. In a first step, we show the result for j = 0, i.e. u ∈ C0(R;H2k
V ), by induction over k.

Note that
H2

V = {u ∈ H2 | u(0) = u(1) = 0} = H2
Dir,
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therefore, u ∈ C0(R;H2
V ) and the result holds true for k = 1. Then, we consider a solution

u ∈ C0(R;H2k)∩C1(R;H2k−2) of (1.1). Since H2k ⊂ H2k−2 continuously, by induction hypothesis
we have u ∈ C0(R;H2k−2

V ). Thus, since H2k−2
V is a closed subset of H2k−2 and u ∈ C1(R;H2k−2),

we deduce that u ∈ C1(R;H2k−2
V ). Finally, since u is a solution of (1.1), there holds true that

(∂2x + V )u ∈ C0(R;H2k−2
V ) and hence, u ∈ C0(R;H2k

V ).
In a second step, for k ≥ 1, we show that if u ∈ C0(R;H2k

V ) ∩ C1(R;H2k−2
V ) is a solution of (1.1),

then u ∈ Cj(R;H2k−2j
V ) for all j ≤ k. Indeed, by a straightforward induction on j, we have that

u ∈ Cj(R;H2k−2j) for all j ≤ k with ∂jt u = (−i)j(∂2x + V )ju. Thus, using u ∈ C0(R;H2k
V ), we

deduce that ∂jt u ∈ C0(R;H2k−2j
V ). Finally, noticing that H2k−2i

V ⊂ H2k−2j
V for i ≤ j, we get, as

expected, u ∈ Cj(R;H2k−2j
V ).

Furthermore, we exhibit a polynomial structure behind these compatibility conditions.

Lemma 2.2. There exists a family of polynomials fi ∈ C∞([0, 1];R)[X], i ≥ 2, with deg fi = i− 1,
such that

∀ℓ ≥ 0, (∂2x + V )ℓ = ∂2ℓx +
2ℓ∑
i=2

fi(ℓ)∂
2ℓ−i
x .

Proof. Expanding (∂2x + V )ℓ, it is clear that there exists C∞ functions gℓ,i such that

∀ℓ ≥ 0, (∂2x + V )ℓ = ∂2ℓx +
2ℓ∑
i=2

gℓ,i∂
2ℓ−i
x .

What we really have to prove is that gℓ,i is polynomial with respect to ℓ. So we are going to derive
an induction relation for these functions.
Indeed, for all ℓ ≥ 0, we have

(∂2x + V )ℓ+1

= (∂2x + V )(∂2x + V )ℓ

= (∂2x + V )∂2ℓx +

2ℓ∑
i=2

((∂2x + V )gℓ,i)∂
2ℓ−i
x + gℓ,i∂

2ℓ+2−i
x + 2(∂xgℓ,i)∂

2ℓ+1−i
x

= (∂2x + V )∂2ℓx +
2ℓ+2∑
i=4

((∂2x + V )gℓ,i−2)∂
2ℓ+2−i
x +

2ℓ∑
i=2

gℓ,i∂
2ℓ+2−i
x +

2ℓ+1∑
i=3

2(∂xgℓ,i−1)∂
2ℓ+2−i
x .

For the special case i = 2, we get
gℓ+1,2 = gℓ,2 + V,

which implies
∀ℓ ≥ 0, gℓ,2 = ℓV.

Additionally, for i = 3, we obtain
gℓ+1,3 = gℓ,3 + 2∂xgℓ,2,

and consequently,

∀ℓ ≥ 0, gℓ,3 =

ℓ−1∑
k=0

2∂xgk,2 = 2∂xV

ℓ−1∑
k=0

k = (ℓ− 1)ℓ∂xV.

Generally, we set gℓ,i = 0 if i /∈ {2, · · · , 2ℓ} and we deduce that
(2.1) ∀4 ≤ i ≤ 2ℓ, gℓ+1,i = ((∂2x + V )gℓ,i−2) + gℓ,i + 2∂xgℓ,i−1.
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Moreover, the following identities hold true,
gℓ+1,2ℓ+2 = (∂2x + V )gℓ,2ℓ and gℓ+1,2ℓ+1 = (∂2x + V )gℓ,2ℓ−1 + 2∂xgℓ,2ℓ.

Finally, by (2.1) and i ≥ 4, we have

∀ℓ ≥ ⌈i/2⌉+ 1, gℓ,i = g⌈i/2⌉,i +
ℓ−1∑

k=⌈i/2⌉

gk+1,i − gk,i

= g⌈i/2⌉,i +

ℓ−1∑
k=⌈i/2⌉

((∂2x + V )gk,i−2) + 2∂xgk,i−1

So by induction, it is clear that gℓ,i is a polynomial with respect to ℓ of degree i− 1.

Finally, by means of Lemma 2.2, we reformulate the compatibility conditions and represent them
in terms of the computed polynomials.

Proposition 2.3. For y ∈ {0, 1}, there exists a family of polynomials (Py,j)j≥1 ⊂ R[X], with
degPy,j ≤ 2j such that for all a ≥ 0,

(2.2) H2a
V =

{
u ∈ H2a | ∀ℓ < a, ∀y ∈ {0, 1},

(
∂2ℓx −

ℓ−1∑
j=1

Py,j(ℓ)∂
2ℓ−(2j+1)
x

)
u(y) = 0

}
.

Proof. Without loss of generality, we focus on the left boundary y = 0 and, for readability, we
omit the subscript y. We prove (2.2) by induction over a ≥ 0. For the initialization, it suffices to
note that

H0
V = H0

Dir, H2
V = H2

Dir and H4
V = H4

Dir.

Therefore, let a ≥ 3 and consider u ∈ H2a
V . By Lemma 2.2, we have

(2.3) (∂2x + V )ℓu(0) = ∂2ℓx u(0)−
2ℓ∑
i=2

Qi(ℓ)∂
2ℓ−i
x u(0),

where Qi ∈ R[X] is defined by Qy,i(ℓ) := −fi(ℓ)(y) and satisfies degQi ≤ i− 1.
Using that u(0) = ∂2xu(0) = ∂4xu(0) = 0, we deduce of (2.3) and the fact that (∂2x + V )ℓu(0) = 0 for
ℓ = 0, . . . , a− 1,

∂2ℓx u(0)−
ℓ−2∑
i=1

Q2i(ℓ)∂
2ℓ−2i
x u(0)−

ℓ−1∑
i=1

Q2i+1(ℓ)∂
2ℓ−(2i+1)
x u(0) = 0.

Then, we define the polynomials Pi ∈ R[X], i ≥ 1, by means of the recursion formula

(2.4) Pi(ℓ) = Q2i+1(ℓ) +
i−1∑
m=1

Q2m(ℓ)Pi−m(ℓ−m).

Note that degPi ≤ 2i. Then, by induction we have ∂2ℓ−2i
x u(0) =

∑ℓ−i−1
j=1 Pj(ℓ− i)∂

2ℓ−2i−(2j+1)
x u(0)

and thus, we get

∂2ℓx u(0)−
ℓ−2∑
i=1

Q2i(ℓ)
ℓ−i−1∑
m=1

Pm(ℓ− i)∂2ℓ−2i−(2m+1)
x u(0)−

ℓ−1∑
i=1

Q2i+1(ℓ)∂
2ℓ−(2i+1)
x u(0) = 0.

Re-ordering these sum, we conclude that

∂2ℓx u(0)−
ℓ−1∑
i=1

(
Q2i+1(ℓ) +

i−1∑
m=1

Q2m(ℓ)Pi−m(ℓ−m)︸ ︷︷ ︸
=Pi(ℓ)

)
∂2ℓ−(2i+1)
x u(0) = 0,
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which justifies definition (2.4) of Pi(ℓ) and concludes the proof.

The polynomial representation of the compatibility conditions in (2.2) is crucial for the con-
struction of the corrector functions.

2.2. Change of variable in terms of correctors. Throughout this paper, for n ≥ 0 and
y ∈ {0, 1}, we consider a family of smooth functions φn,y ∈ C∞([0, 1];R) satisfying

∀z ∈ {0, 1}, ∀i ≥ 0, ∂ixφn,y(z) = 1z=y1i=n.

Moreover, in order to construct the correctors, we introduce the following operators.

Definition 2.4. Given n ≥ 0 and y ∈ {0, 1}, the operator In,y is defined inductively by

∀u ∈ L1,∀x ∈ [0, 1], In+1,yu(x) =

∫ x

y
(In,yu)(z) dz and I0,yu = u.

Remark 2.5. An alternative concise way to define In,y for n ≥ 1 is

In,yu(x) =
1

(n− 1)!

∫ x

y
(x− z)n−1u(z)dz.

In the following proposition, we construct a family of correctors in terms of the smooth functions
φn,y and the operators In,y.

Proposition 2.6. There exist real coefficients αi,n,y ∈ R, with i ≥ 1 and 1 ≤ n ≤ 2i+ 1, such that
for all k ≥ 1, the correctors defined by

(2.5) Cku =
∑

y∈{0,1}

k−1∑
i=1

2i+1∑
n=1

αi,n,yφ2i+1−n,yIn,yu

satisfy
exp(Ck)H

2k+2
Dir ⊂ H2k+2

V .

We first prove Proposition 2.6 in the model case k = 2, the general case then follows.

Proof of Proposition 2.6 for k = 2. First, we note that for all real coefficients α, the corrector
C2 maps H6 into itself. Moreover, due to Proposition 2.3 we have that exp(C2)H

6
Dir ⊂ H6

V if and
only if for y ∈ {0, 1},

∀u ∈ H2
Dir, eC2u(y) = 0,

∀u ∈ H4
Dir, ∂2xe

C2u(y) = 0,

∀u ∈ H6
Dir,

(
∂4x − Py,1(2)∂x

)
eC2u(y) = 0.

The first two equations are satisfied anyway, so lets concentrate on the third one. The point is
just to rewrite this property as a system of equations on α and finally to solve it. Thus, since
exp(C2) = sinh(C2) + cosh(C2), the equations we have to solve are

∂4x cosh(C2)u(y) = Py,1(2)∂x sinh(C2)u(y),(2.6)
for y ∈ {0, 1}, what corresponds to the even terms. Similarly, for the odd terms we get

∂4x sinh(C2)u(y) = Py,1(2)∂x cosh(C2)u(y).(2.7)
Now, we note that, for n = 1, 2, 3 we have

∂px
(
φ3−n,yIn,yu

)
(y) =


(

4

3− n

)
∂xu(y) p = 4

0 p = 1, 2, 3.
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More generally, given q ≥ 2, ya ∈ {0, 1} and 1 ≤ na ≤ 2ia + 1, ia ≥ 1 we have

∂4x
( →∏
1≤a≤q

φ2ia+1−na,yaIna,ya

)
u(y) = 0.

Thus, the terms given in (2.6) are equal to zero, whereas for the odd terms in (2.7) we get
∂4x sinh(C2)u(y) = ∂4xC2u(y) = (6α1,1,y + 4α1,2,y + α1,3,y)∂xu(y),

and

Py,1(2)∂x cosh(C2)u(y) = Py,1(2)∂xu(y).

As a consequence, the system we have to solve is for y ∈ {0, 1},
(2.8) 6α1,1,y + 4α1,2,y + α1,3,y = Py,1(2) = −2∂xV (y),

and thus, there exist coefficients α1,n,y, 1 ≤ n ≤ 3, such that exp(C2)u ∈ H6
V for any u ∈ H6

Dir.

Proof of Proposition 2.6 for general k > 2. First, we note that whatever the coefficients α,
the correctors Ck maps H2k+2 into itself. It suffices to check the compatibility conditions. More
precisely, by Proposition 2.3, we have that exp(Ck)H

2k+2
Dir ⊂ H2k+2

V if and only if

∀y ∈ {0, 1},∀ℓ ≤ k, ∀u ∈ H2ℓ+2
Dir ,

(
∂2ℓx −

ℓ−1∑
j=1

Py,j(ℓ)∂
2ℓ−(2j+1)
x

)
eCku(y) = 0.

Then, the point is just to rewrite this property as a system of equations on α and finally to solve it.
So from now, without loss of generality, we consider u ∈ H∞

Dir =
⋂

k≥1H
2k
Dir, y ∈ {0, 1} and ℓ ≤ k.

Now, we note that, for all 1 ≤ n ≤ 2i+ 1, i ≥ 1 we have

(2.9) ∂px
(
φ2i+1−n,yIn,yu

)
(y) =


(

p

2i+ 1− n

)
∂p−(2i+1)
x u(y) if p ≥ 2i+ 1

0 else.

More generally, given q ≥ 1, ya ∈ {0, 1}, 1 ≤ na ≤ 2ia + 1, ia ≥ 1 for 1 ≤ a ≤ q we have

∂px
( →∏
1≤a≤q

φ2ia+1−na,yaIna,ya

)
u(y)

=


∏

1≤a≤q

(
p− 2i≤a−1 − a+ 1

2ia + 1− na

)
∂
p−2i≤q−q
x u(y) if p ≥ 2i≤q + q and y = y1 = · · · = yq

0 else

where we used the notation

∀b ≤ q, i≤b =
∑

1≤a≤b

ia.

Thus, since u ∈ H∞
Dir, the equation we have to solve is

∂2ℓx sinh(Ck)u(y) =

ℓ−1∑
j=1

Py,j(ℓ)∂
2ℓ−(2j+1)
x cosh(Ck)u(y).
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Then we expand theses terms and using (2.9) and we get
∂2ℓx sinh(Ck)u(y)

=
∑
q≥0

1

(2q + 1)!

∑
1≤i1≤k−1

1≤n1≤2i1+1

· · ·
∑

1≤i2q+1≤k−1
1≤n2q+1≤2i2q+1+1

∂2ℓx

→∏
1≤a≤2q+1

αia,na,yφ2ia+1−na,yIna,yu(y)

=

ℓ−1∑
i=1

∂2ℓ−(2i+1)
x u(y)

∑
i≤2q+1+q=i

q≥0

∑
1≤na≤2ia+1
∀1≤a≤2q+1

∏
1≤a≤2q+1

αia,na,y

a

(
2ℓ− 2i≤a−1 − a+ 1

2ia + 1− na

)
.

and

ℓ−1∑
j=1

Py,j(ℓ)∂
2ℓ−(2j+1)
x cosh(Ck)u(y)

=
∑
q≥0

1

(2q)!

∑
1≤i1≤k−1

1≤n1≤2i1+1

· · ·
∑

1≤i2q≤k−1
1≤n2q≤2i2q+1

ℓ−1∑
j=1

Py,j(ℓ)∂
2ℓ−(2j+1)
x

→∏
1≤a≤2q

αia,na,yφ2ia+1−na,yIna,yu(y)

=

ℓ−1∑
i=1

∂2ℓ−(2i+1)
x u(y)

∑
i≤2q+q+j=i

q≥0

∑
1≤na≤2ia+1
∀1≤a≤2q

Py,j(ℓ)
∏

1≤a≤2q

αia,na,y

a

(
2ℓ− 2j − 2i≤a−1 − a

2ia + 1− na

)
.

In the particular case of q = 0, we get Py,i(ℓ)∂
2ℓ−(2i+1)
x u(y) for ℓ ≤ k, i ≥ 1 and y ∈ {0, 1}. As a

consequence, the system we have to solve is for all ℓ ≥ 0, i ≥ 1, y ∈ {0, 1}∑
1≤n≤2i+1

αi,n,y

(
2ℓ

2i+ 1− n

)

=
∑

i≤2q+q+j=i
q≥0

∑
1≤na≤2ia+1
∀1≤a≤2q

Py,j(ℓ)
∏

1≤a≤2q

αia,na,y

a

(
2ℓ− 2j − 2i≤a−1 − a

2ia + 1− na

)

−
∑

i≤2q+1+q=i
q≥1

∑
1≤na≤2ia+1
∀1≤a≤2q+1

∏
1≤a≤2q+1

αia,na,y

a

(
2ℓ− 2i≤a−1 − a+ 1

2ia + 1− na

)
=: Pi,y(ℓ).

(2.10)

First, we note that the indices in the sums do not depend on ℓ and b being fixed that we have

ℓ 7→
(
2ℓ

b

)
=

(2ℓ) · · · (2ℓ− b+ 1)

b!
is a polynomial of degree b.

Thus, since Py,j is a polynomial of degree degPy,j ≤ 2j, it follows that Pi,y is a polynomial of degree
smaller or equal to 2i. So we can forget the variable ℓ and consider (2.10) as a system of equalities
between formal polynomials indexed by i. Then, to solve it, it suffices to note that it is triangular
with non zero coefficients on the diagonal. Indeed, on the one hand Pi,y only depends on αb,n,y with
1 ≤ b ≤ i− 1 and 1 ≤ n ≤ 2b+ 1 and on the other hand

β ∈ R2i+1 7→
∑

1≤n≤2i+1

βn
(2X) · · · (2X − (2i+ 1− n) + 1)

(2i+ 1− n)!
∈ R≤2i[X]

is clearly an isomorphism where R≤2i[X] denotes the space of the polynomials of degree smaller
than or equal to 2i.
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By means of (2.10), we can compute the coefficients αi,n,y in terms of the polynomials Py,i.

Table 1. Values of Py,i(ℓ) for y ∈ {0, 1} and 1 ≤ i ≤ 3, evaluated in ℓ = 2, 3, 4.

i\ℓ 2 3 4

1 −2∂xV (y) −6∂xV (y) −12∂xV (y)

2 0 −4∂3xV (y) −24∂3xV (y)

3 0 0 −6∂5xV (y) + 12∂xV (y)∂2xV (y)

In the following example, we give possible representations of the correctors C2,C3 and C4, where
we make us of some values Py,i(ℓ), see Table 1.

Example 2.7. From the system (2.10) follows that for k ≫ i, the coefficients αi,n,y are uniquely
defined for all 1 ≤ n ≤ 2i + 1 and y ∈ {0, 1}. Otherwise, the system is underdetermined and we
have a lot of degrees of freedom, hence many coefficients αi,n,y in the definition of Ck (2.5) can be
set equal to zero. For 1 ≤ n ≤ 3 and y ∈ {0, 1}, the coefficients α1,n,y of the operator C2 satisfy
the identity (2.8), so technically for each point of the boundary y, we can choose two of them equal
to zero. Therefore, in order to achieve a solution u ∈ C0(R;H4) ∩ C1(R;H2) to problem (1.1), we
consider e.g.

C2 = −1/2∂xV (0)φ0,0I2,0 − 1/2∂xV (1)φ0,1I2,1.
For k = 3, i.e. to get H6-regularity, we have to solve the systems

α1,3,y + 4α1,2,y + 6α1,1,y = −2∂xV,

α1,3,y + 6α1,2,y + 15α1,1,y = −6∂xV,

and

α2,5,y + 6α2,4,y + 15α2,3,y + 20α2,2,y + 15α2,1,y = −4∂3xV,

for i = 1, i = 2 respectively. So, if we set e.g. α1,1,y = α2,1,y = 0 and α2,n,y = 0, n = 3, 4, 5 for
y = 0, 1, we get

C3 =
∑

y∈{0,1}

(−2∂xV φ1,yI2,y + 6∂xV φ0,yI3,y − 1/5∂3xV φ3,yI2,y).

Finally, for k = 4, i.e. to achieve a solution of H8-regularity, there is no degree of freedom in the
case i = 1, for y = 0, 1 we have α1,1,y = −1/2∂xV, α1,2,y = 1/4∂xV and α1,3,y = 0. Additionally,
for i = 2, 3 we get the following systems to solve,

α2,5,y + 6α2,4,y + 15α2,3,y + 20α2,2,y + 15α2,1,y = −4∂3xV,

α2,5,y + 8α2,4,y + 28α2,3,y + 56α2,2,y + 70α2,1,y = −24∂3xV,

and

α3,7,y + 8α3,2,y + 28α3,5,y + 56α3,4,y + 70α3,3,y + 56α3,2,y + 28α3,1,y = −6∂5xV + 12∂xV ∂
2
xV.

For the numerical experiments, we consider the following variant of the corrector C4,

C4 =
∑

y∈{0,1}

(− 1/2∂xV φ2,yI1,y + 1/4∂xV φ1,yI2,y − 31/35∂3xV φ3,yI2,y

+ 32/35∂3xV φ2,yI3,y + 1/70(−6∂5xV + 12∂xV ∂
2
xV )φ4,yI3,y).

Note that all the derivatives ∂jxV and function φn,y are evaluated in y = 0, 1.

Now, we establish a basic useful property on the correctors.



COMPATIBILITY CONDITIONS AND CORRECTORS 11

Lemma 2.8. Let k ≥ 2 for all j ≥ 0, we have that exp(Ck) is bounded on H2j and satisfies

exp(Ck)H
2j
Dir = H2j

V if j ≤ k + 1.

In order to prove Lemma 2.8, we need the following result.

Lemma 2.9. Let E be a Hilbert space, A : E → E be an isomorphism and F,G ⊂ E be two close
subsets of E. If AF ⊂ G and dimF⊥ ≤ dimG⊥ <∞, then AF = G.

Proof. First, we note that by duality, the inclusion AF ⊂ G is equivalent to A∗G⊥ ⊂ F⊥. Then
using that A∗ is bijective, we have that

dimF⊥ ≤ dimG⊥ = dimA∗G⊥.

Thus, we have A∗G⊥ = F⊥, and so AF = G.

Proof of Lemma 2.8. Since Ck is bounded on H2j , exp(Ck) is also bounded on H2j . By
construction, we also know that exp(Ck)H

2k+2
Dir ⊂ H2k+2

V . Thus, if 0 ≤ j ≤ k + 1, by continuity of
Ck in H2j and by density, we deduce that exp(Ck)H

2j
Dir ⊂ H2j

V . Finally, since

codimH2j
V = codimH2j

Dir = 2j

we conclude by a dimension argument that these inclusions are equalities, see Lemma 2.9.

Due to Lemma 2.8, the application of the operators e±Ck allows to switch between the spaces
H2k+2

Dir and H2k+2
V .

2.3. Modified potential. In this subsection, we define the corrected potential in terms of the
corrector functions given in (2.5).

Definition 2.10. Given k ≥ 1, we introduce the modified potential, defined by

V cor
k = e−Ck(∂2x + V )eCk − ∂2x.

Theorem 2.11. Let k ≥ 1. Then, for all j ∈ {1, . . . , k}, the potential V cor
k is bounded on H2j, and

it satisfies V cor
k H2j

Dir ⊂ H2j
Dir.

Proof. Let j ∈ {1, . . . , k}. In order to show that V cor
k is bounded on H2j , we expand the

exponentials,

V cor
k = e−CkV eCk − ∂2x + e−adCk∂2x = e−CkV eCk +

∑
q≥1

(−1)q

q!
adqCk

∂2x,

where we use the notation for the iterated commutators, adqCk
(·) = [Ck, ad

q−1
Ck

(·)] for q ≥ 1 and
ad0Ck

= Id. Since Ck is bounded on H2j , it suffices to prove that [∂2x,Ck] is bounded on H2j .
Expanding Ck, it suffices to prove that for all y ∈ {0, 1}, all n ≥ 1 and all ψ ∈ C∞ the operator
[∂2x, ψIn,y] is bounded on H2j . Then, we notice that since In,y is an iterated integral,

∀n ≥ 1,∀a ≥ 0, ∀y ∈ {0, 1}, In,y is bounded from Ha to Ha+n.

It follows, by composition, since 2j ≥ 2, that almost all these operators are bounded. The only
remaining one is [∂2x, ψI1,y]. So, we compute it to observe a cancellation. Indeed, given u ∈ H2j

and y ∈ {0, 1}, we have

[∂2x, ψI1,y]u = ∂2x
(
ψ

∫ ·

y
u(z) dz

)
− ψ

∫ ·

y
∂2xu(z) dz

= (∂2xψ)I1,yu+ 2(∂xψ)u+ ψ∂xu− ψ∂xu+ ψ∂xu(y).

Since the terms of order 1 (i.e. ∂xu) cancel out and 2j ≥ 2 (which ensures that u 7→ ∂xu(y) is
bounded), we deduce that [∂2x, ψI1,y] is bounded on H2j .
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For the second property, by density, it suffices to prove that
V cor
k H2k+2

Dir ⊂ H2k
Dir.

In other words,
∀u ∈ H2k+2

Dir , ∀ℓ < k,∀y ∈ {0, 1}, ∂2ℓx e
−Ck(∂2x + V )eCku(y) = 0

or equivalently (note that ∂2ℓx ∂2xu(y) = 0),
e−Ck(∂2x + V )eCkH2k+2

Dir ⊂ H2k
Dir.

Note that (∂2x + V )H2k+2
V ⊂ H2k

V , then, by means of Lemma 2.8, we conclude the proof.

Then, applying the Duhamel formula, we directly deduce the following corollary.

Corollary 2.12. For all v(0) ∈ H2k
Dir([0, 1];C) there exists a unique solution

v ∈ C0(R;H2k
Dir) ∩ C1(R;H2k−2

Dir )

to the Cauchy problem

(2.11) i∂tv = (∂2x + V cor
k )v in R× (0, 1), v(0) = v(0) in R.

As usual, we denote it by v(t) = e−it(∂2
x+V cor

k )v(0).

2.4. Dynamics. Finally, we show the equivalence between smooth solutions (1.2) to problem (1.1)
and the existence of solutions to the above Cauchy problem (2.11).

Proposition 2.13. Let k ≥ 1. A function

u ∈ C0(R;H2k) ∩ C1(R;H2k−2)

is solution to (1.1) if and only if there exists v(0) ∈ H2k
Dir such that

(2.12) ∀t ∈ R, u(t) = eCke−it(∂2
x+V cor

k )v(0).

Proof. Firstly, let v(0) ∈ H2k
Dir and u ∈ C0(R;H2k)∩C1(R;H2k−2) satisfying (2.12). We shall show

that u is a solution to (1.1). Due to Theorem 2.11, Ck is bounded on H2k−2 and t 7→ e−it(∂2
x+V cor

k )v(0)

is C1 with values in H2k−2, thus we have
i∂tu = eCk(∂2x + V cor

k )e−it(∂2
x+V cor

k )v(0).

As a consequence, there holds
i∂tu = eCk(∂2x + V cor

k )e−it(∂2
x+V cor

k )v(0) = eCk(∂2x + V cor
k )e−Cku(t) = (∂2x + V )u(t),

where the last identity is just the definition of V cor
k . Finally, since e−it(∂2

x+V cor
k )v(0) vanishes at the

boundary (because it belongs to H2k
Dir) and exp(Ck)H

2k
Dir ⊂ H2k

V ⊂ H2
Dir by Proposition 2.6, we

deduce that u also vanishes at the boundary.
Now, we assume that u is solution to (1.1). We set v = e−Cku. By composition, we directly have
that v ∈ C0(R;H2k) ∩ C1(R;H2k−2) and

i∂tv = e−Ck(∂2x + V )u = e−Ck(∂2x + V )eCkv = (∂2x + V cor
k )v.

Then, we set v(0) = v(0). By uniqueness of the solution to the Cauchy problem (2.11), to conclude
the proof, it suffices to prove that v takes values in H2k

Dir. To get this last property, by Proposition
2.1, u takes values in H2k

V and finally, e−Ck maps H2k
V in H2k

Dir by Lemma 2.8.
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2.5. Time discretization and splitting methods. As a direct corollary of the results of this
section, we deduce the convergence of a high order method for the time discretization. The method
relies on the formula

u(t) = eCke−it(∂2
x+V cor

k )e−Cku(0)

of Proposition 2.13. First, we discretize (1.1) in time by applying a splitting method. For a time
step τ > 0, we approximate the solution u at discrete time tn = nτ by

(2.13) un = eCk
(
e−ibsτ∂2

xr(−iasτV
cor
k ) · · · e−ib1τ∂2

xr(−ia1τV
cor
k )

)n
e−Cku(0),

where a1, b1, · · · , as, bs ∈ R are the coefficients of a splitting method of formal order p ≥ 1, s ≥ 1
is the number of stages and r is a real analytic function, defined on a neighbourhood of the origin,
such that

r(z) = ez +O(zp+1), as z → 0.

Since we are not able to compute exp(−itV cor
k ) exactly, we approximate r by a Runge-Kutta method.

Remark 2.14. The method in (2.13) can be interpreted as a processed scheme. Thereby, for a
constant time step τ , a preferably computationally cheap integrator Kτ is enhanced with a change
of variable πτ , the so-called post-processor,

un = πτ ◦Kn
τ ◦ π−1

τ (u(0)),

in order to get the numerical solution un of the original problem. This approach is favorable if the
computation costs of the kernel K are cheap, since it is implemented n times, while the processors
πτ , π

−1
τ are computed only once. This idea was first introduced as concept of effective order [15],

to achieve an explicit Runge-Kutta method of order five with only five internal steps. There was
a revived interest for this approach of effective order with the development of geometric numerical
integration methods, where integration with a constant time step is natural [12, 19, 27]. In general,
processing is applied to increase the accuracy of a scheme while keeping the same (or a fewer) amount
of evaluations per step. Reconsidering (2.13), the splitting scheme ΦY0cor

τ corresponds to the kernel,
and eCk denotes the post-processor πτ although it does not depend on τ (analogously, e−Ck is called
the pre-processor π−1

τ ).

The family of splitting methods given in (2.13) preserves the regularity in space, i.e. the space
H2k

Dir. As a corollary of Theorem 2.11, applying the classical result for convergence of splitting
methods [21], we consider the following error estimate for this time discretization.

Proposition 2.15. If 1 ≤ a ≤ k and u(0) ∈ H2k
V , then for all T > 0, we have

∥u(tn)− un∥H2a ≲T,k τ
min(k−a,p)∥u(0)∥H2k for 0 ≤ tn ≤ T.

Note that we use in general the following notations:
• ∥a∥ ≲ ∥b∥ means bounded up to a constant C, ∥a∥ ≤ C∥b∥, and
• ∥a∥ ≲β1,...,βm ∥b∥ means the constant may depend on β1, . . . , βm,m ≥ 1 (but not on a and
b),

∥a∥ ≤ C(β1, . . . , βm)∥b∥.
In Section 4, we prove Proposition 2.15 in a fully discretized setting.

3. Space discretization

In remains to consider the space discretization of (2.13). We aim at performing pseudo-spectral
methods in order to get high accuracy. The main point is that we have to be cautious when
discretizating V cor

k because a bad discretization would easily lead to an unbounded operator (and
so to instability). From now on, we consider k ≥ 2, u(0) ∈ H2k

V as fixed and the corrector function
Ck in terms of the associated coefficients αi,n,y given by Proposition 2.6.
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Throughout this section, we approximate the solution of (1.1) at time t ∈ [0, T ] by trigonometric
polynomials, u(t) ∈ PN , where

PN = SpanC(e
−πiN ·, · · · , eπi(N+1)·) ⊂ L2(T), and T = R/2Z.

and N ≫ 1 is the parameter of discretization in space.

3.1. Periodic extension. We have to represent numerically smooth functions which do not belong
to H2k

Dir because they do not satisfy the generalized Dirichlet boundary conditions. A natural
approach is to consider these functions as restrictions on [0, 1] of smooth functions on T. In order
to do so, we design an evolution equation whose solutions, when restricted to (0, 1), coincide with
those of (1.1) (or its modified version (2.11)).

First, we introduce functions
• W ∈ C∞(T;R) s.t. W|[0,1] = V ,
• w(0) ∈ H2k(T) s.t. w(0)

|[0,1] = u(0),
• ψn,y ∈ C∞(T;R) s.t. ψn,y = φn,y on (0, 1) and ψn,y = 0 in a neighbourhood of −1

2 .
We consider the operator of extension by imparity, defined by

E :

{
C[0,1] → CT

u 7→ Eu where

{
Eu(x) = u(x) if x ∈ [0, 1]
Eu(x) = −u(−x) if x ∈ (−1, 0)

We also introduce the operator of restriction

R :

{
CT → C[0,1]

u 7→ u|[0,1]

Furthermore, we denote by Λ their composition Λ = ER. We point out the following basic lemma
that will be very useful.

Lemma 3.1. For all j ≥ 1, Λ is a bounded operator H2j(T) ∩R−1H2j
Dir([0, 1]) → H2j(T).

Then, we extend the operator In,yu by setting

Jn,yu :

{
L1(T) → L1(T)
u 7→ Jn,yu

where
∀x ∈ (−1/2, 3/2], Jn,yu(x) =

1

(n− 1)!

∫ x

y
(x− z)n−1u(z)dz.

Note that it is still an iterated integral, similarly to Definition 2.4 (it is defined in this way by
conciseness). Then, we define the analogue of Ck on the torus by

Eku =
∑

y∈{0,1}

k−1∑
i=1

2i+1∑
n=1

αi,n,yψ2i+1−n,yJn,yu.

Since the functions ψi,y vanish in a neighbourhood of {−1/2}, the following result holds true by
construction.

Lemma 3.2. For all s ≥ 0, Ek is bounded on Hs(T).

Moreover, proceeding exactly as in the proof of Theorem 2.11, we get the following lemma.

Lemma 3.3. For all s > 3/2, [∂2x,Ek] is bounded on Hs(T).

Furthermore, the spaces of odd periodic functions are denoted by

Hs
odd(T) = {u ∈ Hs(T) | u = Λu}, s ≥ 0.
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Remark 3.4. Note that for all j ≥ 0, E is bounded from H2j
Dir([0, 1]) to H2j

odd(T) and R is bounded
form H2j(T) to H2j([0, 1]). Moreover, R maps H2j

odd(T) to H2j
Dir([0, 1]).

We can now define the modified potential by

W cor
k = Λe−Ek(∂2x +W )eEk − ∂2x,

and we show the following result as a corollary of Theorem 2.11.

Corollary 3.5. For all j ∈ {1, . . . , k}, W cor
k is bounded on H2j

odd(T).

Proof. First, we note that REk = CkR by construction. Thus, since Ek is bounded on L2, we
have for all t ∈ R,

∀u ∈ L2(T), R exp(tEk)u = exp(tEk)Ru.
Thus, since the operators ∂2x and W are local, we have
(3.1) ∀u ∈ H2(T), W cor

k u = EV cor
k Ru.

Due to Theorem 2.11, V cor
k is bounded on H2j

Dir, and it follows that W cor
k is bounded on H2j

odd(T).

Finally, the following proposition states that we have designed a periodic extension of (1.1).

Proposition 3.6. For all t ∈ R, we have

(3.2) e−it(∂2
x+V )u(0) = ReEke−it(∂2

x+W cor
k )Λe−Ekw(0).

Proof. First, as in the proof of Corollary 3.5, we have RetEk = etEkR. Thus, we have by
construction

RΛe−Ekw(0) = e−Cku(0).

By Theorem 2.11, we have Re−Ekw(0) ∈ H2k
Dir, and thus, Λe−Ekw(0) ∈ H2k

odd. Then we set

∀t ∈ R, z(t) = e−it(∂2
x+W cor

k )Λe−Ekw(0).

and we have z(t) ∈ H2k
odd for all t ∈ R. By construction and using (3.1), its restriction satisfies

i∂tRz = R(∂2x +W cor
k )z = (∂2x + V cor

k )Rz.
Since Rz ∈ C0(R;H2k

Dir) it follows by uniqueness of the solution to (2.11) that

∀t ∈ R, Rz(t) = e−it(∂2
x+V cor

k )Rz(0) = e−it(∂2
x+V cor

k )e−Cku(0).

Finally, we conclude by Proposition 2.13 that (3.2) holds.

3.2. Discretization in space by pseudo-spectral methods. It remains to perform the space
discretization. We have to discretize ∂2x, Ek,W

cor
k as operators acting on PN . First, we define the

discrete torus
TN = ∆x

(
Z/(2N + 2)Z

)
,

for a grid spacing ∆x = 1
N+1 . Then, we introduce the discrete Fourier transform by setting

F−1
N :

{
PN → CTN

w 7→ w|TN

Note that the usual formula holds too. Furthermore, we denote by ΠPN
the orthogonal projector

on PN , i.e. ΠPN
: L2(T) → PN ,

ΠPN

∑
k∈Z

wke
iπk· =

N+1∑
k=−N

wke
iπk·, ∀w ∈ CZ.
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We introduce the operator of restriction to the grid

AN :

{
C0(T) → PN

w 7→ FNw|TN

Moreover, we introduce the desaliased product

∀v, w ∈ PN , v ⋄ w = ΠPN
(vw).

This desaliased product can easily be computed in practice thanks to the following classical lemma.

Lemma 3.7. For all v, w ∈ PN , we have v ⋄ w = ΠPN
A2N+1(vw).

Proof. We note that vw ∈ P2N+1. As a consequence, we have that vw = A2N+1(vw) and so
v ⋄ w = ΠPN

A2N+1(vw).

Note that the coefficient 2 could be replaced by 3/2 but it would require extra notations.
Moreover note that ∆x becomes (4N + 4)−1 when considering A2N+1.

In order to define the operator, we discretize the functions ψ2i+1−n,y and w(0) by setting

ψ2i+1−n,y,N = ANψ2i+1−n,y, and w
(0)
N = ANw

(0).

Then, we discretize Ek by setting

Ek,N =
∑

y∈{0,1}

k−1∑
i=1

2i+1∑
n=2

αi,n,yAN (ψ2i+1−n,yJn,y)

+
∑

y∈{0,1}

k−1∑
i=1

αi,1,y

(
ψ2i,y,N ⋄ Jmain

1,y +AN (ψ2i,yJ bound
1,y )

)
where we use the notations

Jmain
n,y eiπk· = 1k ̸=0(iπk)

−neiπk· and J bound
n,y = Jn,y − Jmain

n,y .

Note that for all u ∈ L1(T) and all x ∈ (−1/2, 3/2],

J bound
n,y u(x) =

(x− y)n

n!

∫
T
u(z)

dz

2
−

n−1∑
j=0

(x− y)j

j!
Jmain
n−j,yu(y).

Then we discretize Λ by setting
ΛNw = FNv,

where v ∈ CTN is defined by

v(x) = w(x), ∀x ∈ ∆x{1, . . . , N} and v(−x) = −v(x) ∀x ∈ TN .

We discretize the modified, extended potential W cor
k by setting

W cor
k,N = ΛNe

−Ek,N (∂2x +AN (W ·))eEk,N − ∂2x.

Finally, we state the following convergence result for this space discretization.

Proposition 3.8. Let T > 0 and t ∈ [0, T ], then we denote

(3.3) v(t) = eEke−it(∂2
x+W cor

k )Λe−Ekw(0), and vN (t) = eEk,N e−it(∂2
x+W cor

k,N )ΛNe
−Ek,Nw

(0)
N .

If 1 ≤ a ≤ k, there holds

(3.4) ∥v(t)− vN (t)∥H2a≲TN
−2(k−a)∥w(0)∥H2k .

Note that due to Proposition 3.6, v(t) is a periodic extension to exp(−it(∂2x+V ))u(0). The proof
of this proposition requires many technical lemmas, thus we postpone it to Section 4.2.
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4. Convergence analysis in a fully discretized setting

4.1. Consistency and stability. In this subsection, we prove consistency and stability estimates
for the discretized operators. Motivated by Lemma 4.5 below, we introduce the following ad-hoc
norm

∀u ∈ H2, ∥u∥H2
N
= ∥u∥H2 +N3/2(|u(0)|+ |u(1)|).

In a first part, we state and prove boundedness for some operators we introduced in the previous
section. We recall the following standard result, which is a consequence of the Poisson formula, see
e.g. [1, Lemma 3.9].

Lemma 4.1. For all s > 1/2, all N ≥ 1 and all f ∈ Hs, we have ∥ANf∥Hs ≲s ∥f∥Hs.

As a corollary, we deduce the following basic lemma.

Lemma 4.2. For all s1 ≥ s2 > 1/2, for all u ∈ Hs1 and all N ≥ 1, we have

∥u−ANu∥Hs2 ≲s2 N
−(s1−s2)∥u∥Hs1 .

Proof. First, we note that ANΠPN
u = ΠPN

u. Thus, by Lemma 4.1, we obtain
∥u−ANu∥Hs2 ≤ ∥u−ΠPN

u∥Hs2 + ∥AN (u−ΠPN
u)∥Hs2

≲s2 ∥u−ΠPN
u∥Hs2 ≲s2 N

−(s1−s2)∥u−ΠPN
u∥Hs1 ≲s2 N

−(s1−s2)∥u∥Hs1 ,

which concludes the proof.

We also recall the Plancherel identity in this context.

Lemma 4.3. For all u ∈ PN and all N ≥ 1, we have∫
T
|u(x)|2dx

2
= ∥u∥2L2 =

∆x

2

∑
x∈TN

|u(x)|2.

Then, we study the operator ΛN .

Lemma 4.4. For all N ≥ 1 and all u ∈ PN , ΛNu ∈ H∞
odd(T) is an odd function. Moreover, if

u(0) = u(1) = 0, we have ΛNu = ANΛu.

Proof. Let f = ΛNu and let

f =

N+1∑
k=−N

fke
iπk·

be its Fourier decomposition. Since

fk =
∆x

2

∑
x∈TN

f(x)e−iπkx

and f(x) = −f(−x) for all x ∈ TN by definition of Λ, there holds that

f =
N∑
k=1

2ifk sin(kπ·),

and therefore, f is an odd function on T.
Moreover, we note that if u vanishes at the boundary, Λu ∈ H2, and so it makes sense to consider
ANΛu. Thus, it suffices to note that ANΛu ∈ PN is an odd function on TN , which is equal to u on
∆x{1, . . . , N}.
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Lemma 4.5. Let N ≥ 1, v ∈ H2k(T) and vN ∈ PN be such that Rv ∈ H2k
Dir. Then, we have

∥Λv − ΛNvN∥H2 ≲ ∥v − vN∥H2
N
+N−2k+2∥v∥H2k .

and, a fortiori,
∥ΛNvN∥H2 ≲ ∥vN∥H2

N
.

Proof. Let Ψ0,N ,Ψ1,N ∈ PN be such that
∀y ∈ {0, 1}, ∀x ∈ TN , Ψy,N (x) = 1x=y.

We note that by Lemma 4.3, there holds

∥Ψ0,N∥L2 = ∥Ψ1,N∥L2 =

√
∆x

2
.

Thus, for all y ∈ {0, 1}, we obtain
∥Ψy,N∥H2 ≤ N2∥Ψy,N∥L2 ≲ N2

√
∆x ∼ N3/2.

Then, we set
wN = vN − vN (0)Ψ0,N − vN (1)Ψ1,N .

By construction and Lemma 4.4, we have
ΛNvN − Λv = ΛNwN − Λv = ANΛ(wN − v) +ANΛv − Λv.

On the one hand, since Rv ∈ H2k
Dir, we obtain by Lemma 4.2,

∥ANΛv − Λv∥H2 ≲ N−2k+2∥Λv∥H2k ≲ N−2k+2∥v∥H2k .

On the other hand, by Lemma 4.1, since wN (0) = wN (1) = 0, we deduce
∥ANΛ(wN − v)∥H2 ≲ ∥Λ(wN − v)∥H2 ≲ ∥wN − v∥H2 .

Since ∥Ψ0,N∥H2 + ∥Ψ1,N∥H2 ≲ N3/2 and v vanishes at the boundary, we conclude that
∥wN − v∥H2 ≲ ∥v − vN∥H2

N

holds true.

Furthermore, we prove a continuity estimate for the desaliased product.

Lemma 4.6. For all N ≥ 1, s > 1/2, u, v ∈ PN and y ∈ {0, 1}, we have

∥u ⋄ v∥Hs ≲s ∥u∥Hs∥v∥Hs and |(u ⋄ v)(y)| ≲ N−3/2∥u∥H2(∥v∥H2 +N3/2|v(y)|),
and

(4.1) ∥u ⋄ v∥H2
N
≲ ∥u∥H2∥v∥H2

N
.

Proof. Since ΠPN
is an orthogonal projection, the Hs-bound follows directly,

∥u ⋄ v∥Hs = ∥ΠPN
(uv)∥Hs ≤ ∥uv∥Hs ≲ ∥u∥Hs∥v∥Hs .

Then, we prove the bound for (u ⋄ v)(0) (the one in y = 1 is similar). Setting w = v− v(0), we have
that uw ∈ P2N+1. We use the H2-bound to show the following estimate,

|(u ⋄ v)(0)| ≤ |v(0)||(u ⋄ 1)(0)|+ |(u ⋄ w)(0)| ≲ |v(0)|∥u∥H2 + |(uw)(0)− (u ⋄ w)(0)|.
Furthermore, by Lemma 4.3 we obtain that

|(uw)(0)− (u ⋄ w)(0)| ≲ N1/2∥uw − u ⋄ w∥L2 = N1/2∥(Id−ΠPN
)uw∥L2 ≤ N−3/2∥uw∥H2 .

Finally, we deduce the desired estimate,
|(u ⋄ v)(0)| ≲ N−3/2∥u∥H2(∥v∥H2 +N3/2|v(0)|).

Note that (4.1) is then an immediate consequence of the definition of the norm ∥ · ∥H2
N

.

In the following, we state and prove consistency and stability for the discretized correctors.
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Lemma 4.7. For all N ≥ 1, u ∈ PN , we have

∥Eku− Ek,Nu∥H2
N
≲ N−2k+2∥u∥H2k .

Proof. We have to expand Ek and Ek,N . So let y ∈ {0, 1}, 1 ≤ i ≤ k−1 and 1 ≤ n ≤ 2i+1. First,
we note that if n > 1, then ψ2i+1−n,yJn,y vanishes at the boundary. Therefore, by Lemma 4.2, there
holds

∥(ψ2i+1−n,yJn,y)u−AN (ψ2i+1−n,yJn,y)u∥H2
N
= ∥(ψ2i+1−n,yJn,y)u−AN (ψ2i+1−n,yJn,y)u∥H2

≲ N−2k+2∥ψ2i+1−n,yJn,yu∥H2k ≲ N−2k+2∥u∥H2k .

Then we focus on the case n = 1, which is more delicate. First, since ψ2i,yJ bound
1,y u vanishes at the

boundary, we have again by Lemma 4.2,
∥(ψ2i,yJ bound

1,y u)−AN (ψ2i,yJ bound
1,y u)∥H2

N
= ∥(Id−AN )(ψ2i,yJ bound

1,y u)∥H2 ≲ N−2k+2∥u∥H2k .

Similarly, we get
∥ψ2i,y,NJmain

1,y u− ψ2i,yJmain
1,y u∥H2

N
= ∥ψ2i,y,NJmain

1,y u− ψ2i,yJmain
1,y u∥H2 ≤ N−2k+2∥u∥H2k .

Thus, it only remains to control
f = ψ2i,y,N ⋄ Jmain

1,y u− ψ2i,y,NJmain
1,y u.

Observing that f ∈ P2N+1 is a trigonometric polynomial of degree smaller or equal to 2N + 2, we
deduce by Plancherel that

∥f∥H2
N
≲ ∥f∥H2 +N2∥f∥L2 ≲ N2∥f∥L2 .

Finally, by definition of the desaliased product, we have
∥f∥L2 ≤∥(Id−ΠPN

)(ψ2i,y,NJmain
1,y u)∥L2 ≲ N−2k∥u∥H2k ,

which concludes the proof.

Using that Ek is bounded on H2 and vanishes at the boundary, we deduce the following result
as a corollary.

Corollary 4.8. For all N ≥ 1 and all u ∈ PN , there holds ∥Ek,Nu∥H2
N
≲ ∥u∥H2.

Finally, we prove the following consistency result for the corrector and its flow.

Lemma 4.9. For all N ≥ 1, v ∈ H2k, vN ∈ PN , t ∈ [−1, 1], we have

(4.2) ∥Ekv − Ek,NvN∥H2
N
≲ ∥v − vN∥H2 +N−2k+2∥v∥H2k .

and

(4.3) ∥etEkv − etEk,N vN∥H2
N
≲ ∥v − vN∥H2

N
+N−2k+2∥v∥H2k .

Proof. First, let us prove that (4.2) implies (4.3). We set w(t) = etEkv and wN (t) = etEk,N vN .
We note by (4.2) that

∥∂t(w − wN )∥H2
N
= ∥Ekw − Ek,NwN∥H2

N
≲ ∥w − wN∥H2

N
+N−2k+2 sup

|τ |≤1
∥w(τ)∥H2k .

Then, since Ek is bounded on H2k, see Lemma 3.2, we deduce
sup
|τ |≤1

∥w(τ)∥H2k ≲ ∥v∥H2k .

Finally, to get (4.3), it suffices to apply the Grönwall inequality.
Now, we focus on (4.2). We set uN = ANv and, since Ek(v − uN ) vanishes at the boundary, we
have

∥Ekv − Ek,NvN∥H2
N
≤ ∥Ek(v − uN )∥H2 + ∥(Ek − Ek,N )uN∥H2

N
+ ∥Ek,N (uN − vN )∥H2

N
.
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We control the first term by applying Lemmata 4.2 and 3.2. We get
∥Ek(v − uN )∥H2 ≲ ∥v − uN∥H2 ≲ N−2k+2∥v∥H2k .

For the second term, we apply Lemma 4.7 and we obtain by Lemma 4.1,
∥(Ek − Ek,N )uN∥H2

N
≲ N−2k+2∥uN∥H2k ≲ N−2k+2∥v∥H2k .

Finally, for the last term, we apply Corollary 4.8 to get
∥Ek,N (uN − vN )∥H2

N
≲ ∥uN − vN∥H2 ≲ ∥v− vN∥H2 + ∥uN − v∥H2 ≲ ∥v− vN∥H2 +N−2k+2∥v∥H2k ,

which is the desired estimate (4.2).

Now, we study the consistency and stability of the discretization of W cor
k . The proof will mainly

rely on the following critical lemma.

Lemma 4.10. For all N ≥ 1 and all u ∈ PN , we have

(4.4) ∥[∂2x,Ek,N ]u− [∂2x,Ek]u∥H2
N
≲ N−2k+2∥u∥H2k

and, a fortiori,

(4.5) ∥[∂2x,Ek,N ]u∥H2
N
≲ ∥u∥H2 .

Proof. First, we note that to get (4.5) from (4.4), it suffices to use that [∂2x,Ek]u vanishes at the
boundary and that [∂2x,Ek] is bounded on H2 (Lemma 3.3). Then we are going to expand Ek,N −Ek

and to analyze the different terms arising. So, let y ∈ {0, 1}, 1 ≤ i ≤ k − 1 and 1 ≤ n ≤ 2i+ 1.
In a first step, we estimate the term

E1 = [∂2x, ψ2i,y,N ⋄ Jmain
1,y +AN (ψ2i,yJ bound

1,y )− ψ2i,yJ1,y]wN .

As in the continuous case, E1 is critical. It requires the desalised product. Indeed, ∂2xJmain
1,y = ∂x

and ∂x(w ⋄ v) = (∂xw) ⋄ v + w ⋄ (∂xv) for all v, w ∈ PN , and thus, we have
[∂2x, ψ2i,y,N ⋄ Jmain

1,y ]u = 2∂xψ2i,y,N ⋄ u+ ∂2xψ2i,y,N ⋄ Jmain
1,y u.

Then, we use that

J bound
1,y u(x) = (x− y)

∫
T
u(z)

dz

2
− Jmain

1,y u(y),

to deduce that

[∂2x,AN (ψ2i,yJ bound
1,y )]u = ∂2xAN ((x− y)ψ2i,y)

∫
T
u(z)

dz

2
− ∂2xψ2i,y,NJmain

1,y u(y) + ψ2i,y,N∂xu(y).

Using that a similar decomposition holds for [∂2x, ψ2i,yJ1,y] (see the proof of Theorem 2.11), we
deduce that

∥E1∥H2
N
≲ E11 + E12 + E13 + E14,

where
E11 = ∥(∂xψ2i,y,N ) ⋄ u− ∂xψ2i,yu∥H2

N
,

E12 = ∥∂2xAN ((x− y)ψ2i,y)− ∂2x((x− y)ψ2i,y)∥H2
N
∥u∥L1 ,

E13 = ∥ψ2i,y,N − ψ2i,y∥H2
N
|∂xu(y)|,

E14 = ∥(∂2xψ2i,y,N ) ⋄ v − (∂2xψ2i,y)v∥H2
N

and

v = Jmain
1,y u− Jmain

1,y u(y).
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First, by Lemmata 4.1, 4.3 and 4.2, since ∂xψ2i,y,Nu ∈ P2N+1, we have
E11 ≤∥(Id−ΠPN

)(∂xψ2i,y,Nu)∥H2
N
+ ∥∂x(ψ2i,y − ψ2i,y,N )u∥H2

N

≲∥(Id−ΠPN
)(∂xψ2i,y,Nu)∥H2 +N2∥(Id−ΠPN

)(∂xψ2i,y,Nu)∥L2

+N3/2∥∂x(ψ2i,y − ψ2i,y,N )u∥H2

≲N−(2k−2)∥∂xψ2i,y,Nu∥H2k +N3/2∥ψ2i,y − ψ2i,y,N∥H3∥u∥H2

≲N−(2k−2)(∥∂xψ2i,y,N∥H2k∥u∥H2k + ∥ψ2i,y − ψ2i,y,N∥H2k+6∥u∥H2) ≲ N−(2k−2)∥u∥H2k .

Then, the estimates on E12 and E13 present no difficulty and, due to Lemma 4.2, it follows directly
E12 + E13 ≲ N−2k+2∥u∥H2 .

Finally, since (∂2xψ2i,y,N )v ∈ P2N+1, still using the same lemmas, we have
E14 ≤∥(Id−ΠPN

)(∂2xψ2i,y,N )v∥H2
N
+ ∥(∂2xψ2i,y,N − ∂2xψ2i,y)v∥H2

N

≲∥(Id−ΠPN
)(∂2xψ2i,y,N )v∥H2 +N2∥(Id−ΠPN

)(∂2xψ2i,y,N )v∥L2

+N3/2∥ψ2i,y,N − ψ2i,y∥H4∥v∥H2

≲N−2k+2∥(∂2xψ2i,y,N )v∥H2k +N−2k+2∥v∥H2 ≲ N−2k+2∥v∥H2k .

In a second step, we estimate the term [∂2x,AN (ψ2i+1−n,yJn,y)− ψ2i+1−n,yJn,y]u with n ≥ 2.
On the one hand, since ψ2i+1−n,yJn,y∂

2
xu vanishes at the boundary, we have by Lemma 4.2

∥AN (ψ2i+1−n,yJn,y∂
2
xu)− ψ2i+1−n,yJn,y∂

2
xu∥H2

N

= ∥AN (ψ2i+1−n,yJn,y∂
2
xu)− ψ2i+1−n,yJn,y∂

2
xu∥H2

≲ N−2k+2∥ψ2i+1−n,yJn,y∂
2
xu∥H2k

≲ N−2k+2∥ψ2i+1−n,yJmain
n−2,yu∥H2k +N−2k+2∥ψ2i+1−n,yJ bound

n,y ∂2xu∥H2k

≲ N−2k+2∥u∥H2k ≲ N−2k+2∥v∥H2k .

On the other hand, we set f = ψ2i+1−n,yJn,yu, and we note that ∥f∥H2k+2 ≲ ∥u∥H2k . Moreover,
since ΠPN

= ANΠPN
, for all s ∈ {0, 2}, we have by Lemma 4.1

∥[∂2x,AN ]f∥Hs = ∥∂2xAN (Id−ΠPN
)f +AN (ΠPN

− Id)∂2xf∥Hs

≲ ∥AN (Id−ΠPN
)f∥Hs+2 + ∥(ΠPN

− Id)∂2xf∥Hs

≲ N−(4−s−2)∥f∥H4 ≲ N−(4−s−2)∥u∥H2 ,

and thus, by Plancherel,
∥[∂2x,AN ]f∥H2

N
≲ ∥u∥H2 .

Finally, observing that ∂2xf vanishes at the boundary, we obtain
∥∂2xANf − ∂2xf∥H2

N
≤ ∥[∂2x,AN ]f∥H2

N
+ ∥(AN − Id)∂2xf∥H2

N

= ∥[∂2x,AN ]f∥H2
N
+ ∥(AN − Id)∂2xf∥H2 ≲ N−2k+2∥u∥H2 ,

which concludes the proof.

As a corollary, we deduce the following useful result.

Corollary 4.11. For all N ≥ 1 and all v ∈ H2k(T) and all vN ∈ PN , we have

∥[∂2x,Ek,N ]vN − [∂2x,Ek]v∥H2
N
≲ ∥v − vN∥H2

N
+N−2k+2∥v∥H2k .

Proof. We set wN = ANv and we decompose the bracket as
∥[∂2x,Ek,N ]vN − [∂2x,Ek]v∥H2

N

≤ ∥[∂2x,Ek,N ](vN − wN )∥H2
N
+ ∥[∂2x,Ek,N − Ek]wN∥H2

N
+ ∥[∂2x,Ek](wN − v)∥H2

N
.
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First, we control the last term. We note that [∂2x,Ek](wN − v) vanishes at the boundary. Thus, its
H2

N -norm coincide with its H2-norm. Then we use that [∂2x,Ek] is bounded on H2, see Lemma 3.3.
Furthermore, we apply Lemma 4.2 to get

∥[∂2x,Ek](wN − v)∥H2
N
= ∥[∂2x,Ek](wN − v)∥H2 ≲ ∥wN − v∥H2 ≲ N−2k+2∥v∥H2k .

Then we focus on the first term. We recall that by Lemma 4.10 we have the boundedness of
[∂2x,Ek,N ] on H2

N . Thus by Lemma 4.2, we have that
∥[∂2x,Ek,N ](vN − wN )∥H2

N
≲ ∥vN − wN∥H2

N
≲ ∥vN − v∥H2

N
+N−2k+2∥v∥H2k .

Finally, the bound on the second term is given by Lemma 4.10, since there holds ∥wN∥H2k ≲ ∥v∥H2k

by Lemma 4.1.

Finally, we deduce in the following result and its corollary the consistency and stability of W cor
k,N .

Proposition 4.12. For all N ≥ 1, all v ∈ H2k
odd(T) and all vN ∈ PN , we have

∥W cor
k,NvN −W cor

k v∥H2 ≲ ∥v − vN∥H2
N
+N−2k+2∥v∥H2k .

Proof. Since

∂t

(
e−tEk,N∂2xe

tEk,N

)
= e−tEk,N [∂2x,Ek,N ]etEk,N ,

we can write

W cor
k,N = ΛNΓ1,N + ΛNΓ2,N and W cor

k = ΛΓ1 + ΛΓ2,

where we use the notation

Γ1,N =

∫ 1

0
e−tEk,N [∂2x,Ek,N ]etEk,Ndt, Γ2,N = e−Ek,NAN (W ·)eEk,N ,

and similarly,

Γ1 =

∫ 1

0
e−tEk [∂2x,Ek]e

tEkdt, Γ2 = e−EkWeEk .

Thus by Lemma 4.5, we have
∥W cor

k,NvN −W cor
k v∥H2 ≲ ∥Γ1,NvN − Γ1v∥H2

N
+ ∥Γ2,NvN − Γ2v∥H2

N
+N−2k+2∥(Γ1 + Γ2)v∥H2k .

By Lemmata 3.2 and 3.3, we have ∥(Γ1 + Γ2)v∥H2k ≲ ∥v∥H2k . Then, we focus on estimating
∥Γ1,NvN−Γ1v∥H2

N
(the bound on ∥Γ2,NvN−Γ2v∥H2

N
is similar and does not require extra arguments,

so we skip it).
We fix t ∈ [0, 1] and aim to prove uniform bounds in t. Applying Lemma 4.9 and 4.11, we have

∥e−tEk [∂2x,Ek]e
tEkv − e−tEk,N [∂2x,Ek,N ]etEk,N vN∥H2

N

≲ ∥v − vN∥H2
N
+N−2k+2(∥[∂2x,Ek]e

tEkv∥H2k + ∥etEkv∥H2k + ∥v∥H2k).

Thus, applying Lemmata 3.2 and 3.3, we get
∥e−tEk [∂2x,Ek]e

tEkv − e−tEk,N [∂2x,Ek,N ]etEk,N vN∥H2
N
≲ ∥v − vN∥H2

N
+N−2k+2∥v∥H2k ,

from what we deduce the desired estimate.

Corollary 4.13. For all N ≥ 1, all 1 ≤ a ≤ k, all u ∈ ΛNPN = PN ∩H∞
odd, we have

∥W cor
k,Nu∥H2a ≲ ∥u∥H2a .
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Proof. First, we recall that by Lemma 4.4, ΛNPN = PN ∩H∞
odd. Then we apply Proposition 4.12

with v = vN = u and, using Corollary 3.5 , we get that
∥W cor

k,Nu∥H2a ≤ ∥W cor
k,Nu−ΠPN

W cor
k u∥H2a + ∥ΠPN

W cor
k u∥H2a

≤ N2(a−1)∥W cor
k,Nu−ΠPN

W cor
k u∥H2 + ∥W cor

k u∥H2a

≤ N2(a−1)∥W cor
k,Nu−W cor

k u∥H2 + ∥W cor
k u∥H2a

≲ N−2(k−a)∥u∥H2k + ∥u∥H2a ≲ ∥u∥H2a ,

which is the desired result.

4.2. Error estimates of arbitrarily high order. We are now in the position to state the main
result of this paper. Somehow, we want to merge Proposition 3.8 about the space discretization and
Proposition 2.15 about the time discretization. Thus, naturally, we define the full discretization by

(4.6) un,N = eEk,N (Φcor
τ,N )nΛNe

−Ek,Nw
(0)
N

where
Φcor
τ,N = e−ibsτ∂2

xr(−iasτW
cor
k,N ) · · · e−ib1τ∂2

xr(−ia1τW
cor
k,N )

and, as in Subsection 2.5, a1, b1, · · · , as, bs ∈ R are the coefficients of a splitting method of order
p ≥ 1, s ≥ 1 is the number of stages and r is a real analytic function defined on a neighbourhood
of the origin and such that

r(z) = ez +O(zp+1) as z → 0.

Then, we prove the convergence of this full discretization.

Theorem 4.14. If 1 ≤ a ≤ k and u(0) ∈ H2k
V then for all T > 0 and N ≥ 1, we have

∥u(tn)−Run,N∥H2a ≲T,k (τmin(k−a,p) +N−2(k−a))∥w(0)∥H2k for 0 ≤ tn ≤ T,

where u ∈ C0([0, T ];H2k
V ) is the solution of (1.1) and (un,N )n≥0 ∈ PN

N is the full discretization given
by (4.6).

In order to prove Theorem 4.14, we show first convergence of the space discretization in the new
variables, and afterwards Proposition 3.8.

Lemma 4.15. For all N ≥ 1, all v ∈ H2k
odd(T), all vN ∈ PN ∩H∞

odd, all T > 0 and all t ∈ [−T, T ],
we have

∥wN (t)− w(t)∥H2 ≲T ∥v − vN∥H2 +N−2k+2∥v∥H2k ,

where we set wN (t) = e−it(∂2
x+W cor

k,N )vN and w(t) = e−it(∂2
x+W cor

k )v.

Proof. Without loss of generality, we assume t ≥ 0. By Duhamel, we have

w(t)− wN (t) = e−it∂2
x(v − vN ) +

∫ t

0
e−i(t−τ)∂2

x(W cor
k w(τ)−W cor

k,NwN (τ)) dτ.

Using that e−it∂2
x is an isometry on H2, we get by Proposition 4.12

∥w(t)− wN (t)∥H2 ≲ ∥v − vN∥H2 +

∫ t

0
∥w(τ)− wN (τ)∥H2 dτ +N−2k+2T sup

0≤τ≤T
∥w(τ)∥H2k .

Then, we use that W cor
k is bounded on H2k

odd (Corollary 3.5) to get that ∥w(τ)∥H2k ≲T ∥v∥H2k .
Finally, we conclude by applying the Grönwall inequality.
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Proof of Proposition 3.8. First let us prove that it suffices to deal with the case a = 1: we
assume that (3.4) holds for a = 1 and we prove it for a > 1. We use the notation given in (3.3) for
v(t) and vN (t). We have

∥v(t)− vN (t)∥H2a ≤ ∥(Id−ΠPN
)v(t)∥H2a + ∥ΠPN

v(t)− vN (t)∥H2a

≤ N−2(k−a)∥v(t)∥H2k +N2(a−1)∥ΠPN
v(t)− vN (t)∥H2

≤ N−2(k−a)∥v(t)∥H2k +N2(a−1)∥v(t)− vN (t)∥H2

(3.4)
≲ N−2(k−a)∥v(t)∥H2k +N2(a−1)N−2k+2∥w(0)∥H2k .

Finally, it suffices to prove that ∥v(t)∥H2k ≲T ∥w(0)∥H2k . Since Ek is bounded on H2k (Lemma 3.2),
and W cor

k is bounded on H2k
odd (Corollary 3.5), we have

(4.7) ∥v(t)∥H2k ≲ ∥e−it(∂2
x+W cor

k )Λe−Ekw(0)∥H2k ≲T ∥Λe−Ekw(0)∥H2k .

Furthermore, note that Rw(0) ∈ H2k
V , and therefore

Re−Ekw(0) = e−CkRw(0) ∈ H2k
Dir

due to Lemma 2.8. Thus, by Lemma 3.1,
(4.8) ∥Λe−Ekw(0)∥H2k ≲ ∥e−Ekw(0)∥H2k ≲ ∥w(0)∥H2k .

Finally, to get (3.4) in the case a = 1, it suffices to apply successively Lemmata 4.5, 4.9, 4.15 in
order to control the H2k-norms arising in (4.7)-(4.8).

Proof of Theorem 4.14. First, by Proposition 3.6, it suffices to prove that
∥v(tn)− un,N∥H2a ≲T,k (τmin(k−a,p) +N−2(k−a))∥w(0)∥H2k for 0 ≤ tn ≤ T,

where
v(t) = eEke−it(∂2

x+W cor
k )Λe−Ekw(0).

Applying Proposition 3.8 about the semi-discretization in space, we have
(4.9) ∥v(t)− eEk,N e−it(∂2

x+W cor
k,N )z

(0)
N ∥H2a ≲T N

−2(k−a)∥w(0)∥H2k ,

where we denote
z
(0)
N = ΛNe

−Ek,Nw
(0)
N .

Then, using that Ek,N is bounded (uniformly in N) in H2a (it is a direct corollary of Lemmata 4.1
and 4.6), it suffices to prove the convergence of the time discretization of exp(−it(∂2x +W cor

k,N )), i.e.
we have

∥e−itn(∂2
x+W cor

k,N )z
(0)
N − (Φcor

τ,N )nz
(0)
N ∥H2a ≲T τ

min(k−a,r)∥w(0)∥H2k for 0 ≤ tn ≤ T.

Since W cor
k,N is bounded from H2j

odd ∩ PN to H2j
odd ∩ PN (uniformly in N) for all j ∈ {1, . . . , N}

(Corollary 4.13), applying the classical convergence result for splitting methods [21], we get that

∥e−itn(∂2
x+W cor

k,N )z
(0)
N − (Φcor

τ,N )nz
(0)
N ∥H2a ≲T τ

min(k−a,r)∥z(0)N ∥H2k for 0 ≤ tn ≤ T.

As a consequence, it suffices to prove that ∥z(0)N ∥H2k ≲ ∥w(0)∥H2k . Indeed, since Ek,N is bounded
(uniformly in N) in H2k, we have by (4.9) (applied in t = 0 with a = k),

∥z(0)N ∥H2k ≲ ∥e−Ek,N v(0)∥H2k + ∥w(0)∥H2k ≲ ∥eEkΛe−Ekw(0)∥H2k + ∥w(0)∥H2k .

Finally, since
Re−Ekw(0) = e−Cku(0) ∈ H2k

Dir

due to Lemma 2.8, we have by Lemma 3.1 (and using that Ek is bounded on H2k) that
∥eEkΛe−Ekw(0)∥H2k ≲ ∥w(0)∥H2k ,

and thus, the desired error estimate holds true.
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5. Numerical results

In this section, we illustrate the numerical time integration of the linear Schrödinger equation

(5.1) i∂tu(t, x) = (∂2x + V (x))u(t, x) in [0, T ]× (0, L), u(t, 0) = u(t, L) = 0 in [0, T ],

with initial condition u(0)(x) = u(0, x) by means of splitting methods. Thereby, we consider the
subproblems (1.3) and (1.4), with exact flows e−it∂2

xu(0) and e−itV u(0) for t ∈ [0, T ].

Remark 5.1. While we take x ∈ (0, 1) for the convergence analysis, we numerically integrate
problem (5.1) over a larger interval (0, L), with L > 1. As explained in the previous section, in
order to define the corrected potential W cor

k on the torus T = R/2Z, we require periodic extensions
of the initial condition u(0) 7→ w(0), the potential V 7→ W , as well as the functions φn,y 7→ ψn,y,
y ∈ {0, 1}. Classically, this is achieved by means of so-called bump functions, which ensure a smooth,
periodic extension. However, derivatives of these extended functions may become very large, leading
to a significant global error between the exact solution and the modified schemes. Thus, even though
high order convergence still persists in this case, we may observe unfavorable error constants. To
avoid such large constants, we choose L > 1 and consider smooth functions w(0),W, ψn,y, y ∈ {0, L},
on the larger torus TL = R/2LZ, and work with their restrictions to the interval [0, L]. Analogously,
we consider the function spaces H2k, H2k

Dir and H2k
V over [0, L].

In this section, we numerically integrate in time the boundary value problem (5.1) for various
potentials V and initial conditions u(0). Table 2 summarizes all data considered, together with the
compatibility conditions satisfied by the initial condition for each potential. In addition, we indicate
in which figure the corresponding functions are used in the numerical experiments.

Table 2. Regularity of the initial condition u(0)

Initial condition Potential Regularity Figure

u
(0)
1 (x) = sin(2πxL ) V1(x) = cos(2πxL ) H∞

V1
Fig. 1 (left)

u
(0)
2 (x) = x(L− x)e

x
L
− x2

L2

V2(x) = 1+ 4x
L3 − 4x2

L4 H∞
V2

Fig. 1 (right), Fig. 2 (left)
V3(x) = sin(2πxL ) H4

V3
Fig. 2 (right)

V4(x) = e
x
L2 H4

V4
Fig. 3

For the illustration of the results in the previous sections, we focus on the symetric splitting
scheme (1.7) with real coefficients. Recall that the method is of formal order four, but converges in
general with reduced order when applied to problem (5.1), in contrast to the second order Strang
splitting method (1.5), which does not suffer from an order reduction, see Figure 1.

Remark 5.2. If an odd initial condition w(0) ∈ H2k and an even potential W are considered on
the torus TL, then both, the Laplacian u 7→ ∂2xu and the potential u 7→ Wu, commute with the
projector Λ onto the subspace of odd periodic functions H2k

odd(TL). Hence, the exact flows e−it∂2
x

and e−itV preserve H2k
odd(TL), and the numerical solutions obtained by the splitting methods (1.5)

and (1.7) on the torus coincide (after restriction to the interval (0, L)) with the splitting solutions
of problem (5.1) [14]. With u

(0)
1 and V1 we are in this setting, and therefore the naive schemes

converge with full order, whereas the mentioned regularity is not satisfied for u(0)2 and V2.
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Figure 2. Convergence error of the corrected splitting schemes Yk , k = 2, 3, 4 applied to
problem (5.1) for two different potentials V2 (left) and V3 (right), and initial condition u(0)2 .
Comparison to the naive method Y0 . Reference slopes are given in dashed lines.

In the following, we denote the naive splitting schemes without any corrections by Strang for (1.5)
and Y0 for method (1.7). Moreover, Yk refers to the family of corrected methods (4.6), depending
on the parameter k = 2, 3, 4, where we use the identities in Example 2.7 to compute the correctors
E2,N ,E3,N and E4,N . The flows e±Ek,N are computed by one step of an explicit fourth order Runge-
Kutta method at time t = 1. The method was chosen out of simplicity, there are other possibilities
to approximate the exact flow of the corrector functions. In general, the computational costs of
this flows can be very big for an approximation with high precision. However, for the considered
examples, we do not observe a significant improvement in terms of the error constant if we choose
more steps in order to compute e±Ek,N . As reference solution at final time T , we use the same
Runge-Kutta method, here with a very small time step τref = 10−6. We choose N = 512 points
to discretize the interval [0, L] with L = 2π, and we proceed the simulation for time steps τ =
0.02 ·2−n, n = 0, . . . , 5, and a final time T = 0.1. The Matlab codes which compute these modified
splitting schemes and illustrates their convergence are available at [9].

In the following two Figures, we consider the initial condition u(0)2 , whose regularity depends on
the potential, see Table 2. In view of Theorem 4.14, we expect the global error of Yk , k = 2, 3, 4,
to be of order O(τk−1) in the L2-norm, whenever u(0)2 ∈ H2k

V .
In Figure 2, we compare the convergence of the naive scheme Y0 with the one of its modifications

Y2 , Y3 and Y4 for two potentials V2 and V3. We have u(0)2 ∈ H∞
V2

⊂ H8
V2

, so, by the convergence
analysis, we expect a third order convergence for the scheme Y4 . However, numerically we observe
that the corrected method converges with order four for almost all considered time steps τ . It seems
that this behavior persists for the schemes Y2 and Y3 . Furthermore, note that for V3, the initial
conditions has lower regularity, namely u(0)2 ∈ H4

V3
, than what is theoretically required for a full order

convergence. As before, we observe order reduction for Y0 , whereas all corrected methods achieve
full fourth order convergence. Moreover, for both considered potentials, the modified methods
outperform the naive scheme also in terms of the error constant for small time steps τ .

In Figure 3, we consider the potential V4, which is, in contrast to V2 and V3, non-symmetric
with respect to the middle point L/2 of the interval [0, L], and again we have only u

(0)
2 ∈ H4

V4
.

Nevertheless, for all values k = 2, 3, 4, the corrected methods still exhibit full order convergence,
while the naive scheme Y0 suffers from an order reduction and converges with order 1.5. In the right
panel, we additionally plot the error in the H2-norm (which corresponds to a = 1 in Theorem 4.14),
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Figure 3. Convergence error of the corrected splitting schemes Yk , k = 2, 3, 4 applied
to problem (5.1) for the potential V4 and initial condition u

(0)
2 . Comparison to the naive

method Y0 . The global error is plotted in the L2-norm (left) and the H2-norm (right).
Reference slopes are given in dashed lines.

Figure 4. Left: Regularity of the classical potential V = V3 and its corrected version
V cor
k applied to u = u

(0)
1 . We plot the Fourier modes |v̂l| of AN (W3w

(0)
1 ) (k = 0) and

W cor
k,Ne

−Ek,Nw
(0)
1,N for k = 2, 3, 4. Right: Fourier modes |ûl| of the exact solution of the

problem (5.1) with u
(0)
1 , V3 at time t = 0.1 and t = 1. Reference slopes of order three and

five are given in dashed lines.

and observe third order convergence for all modified schemes, rather than only in the case k = 4,
as predicted by the theorem. Furthermore, for small time steps, the corrected methods again yield
smaller error constants, regardless of which norm is used to measure the global error.

Remark 5.3. The regularity of the corrected potential W cor
k,N applied to some vN ∈ PN is usually

observed only for high Fourier modes. However, in this regime round-off errors show up and thus,
the difference in this regularity is often not visible for different values of k. In order to illustrate
this phenomenon, we plot the Fourier coefficients of vN = AN (W3w

(0)
1 ) and the corresponding

corrected potential W cor
k,Ne

−Ek,Nw
(0)
1,N for k = 2, 3, 4 in Figure 4. Thereby, we denote by W3 and w(0)

1
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the extended potential V3, initial condition u
(0)
1 respectively. Note that vN is even, and therefore

all the sin-terms vanish (up to machine precision), that is why we only show the corresponding
cos-terms. We observe that the modes of vN are of order three in terms of the frequency l, what
confirms that the boundary conditions are not preserved by the classical splittings. In contrast, as
proven in Theorem 2.11, the corrected potential preserves the space H2k

Dir. Precisely, the expected
regularity can be observed for k = 2 for high modes. For k = 3, 4, round-off errors appear in this
regime. In contrast, for lower modes we cannot really spot a difference between W cor

2,N ,W
cor
3,N and

W cor
4,N . As illustrated in Figures 2 and 3, the simplest correction, what corresponds to the case k = 2,

often avoids order reduction in the splitting scheme (1.7). In addition, we observe that the Fourier
coefficients of the exact solution are of order five in terms of l, which explains numerically that we
gain two orders thanks to the dispersion ∂2x, see Figure 4 (right).

To conclude, although the naive scheme Y0 has formal order four, it generally integrates the
boundary value problem (5.1) with a reduced convergence order between one and two. In contrast,
the corrected scheme Y4 achieves at least third order convergence whenever u(0) ∈ H8

V , which
confirms the statement of Theorem 4.14. In practice, Y4 converges with full order four for many
examples, which is finally better than what we expect from the convergence analysis. Numeri-
cally, this result persists for initial conditions which do not satisfy the compatibility conditions at
sufficiently high order, and also for the methods Y2 and Y3 .

Conclusion

We introduced to the best of our knowledge the first corrector technique for splitting methods for
the approximation of smooth solutions of the linear Schrödinger equation with non-trivial compat-
ibility conditions, and obtained a family of corrected splitting methods achieving an arbitrary high
order of accuracy. In contrast, note that the similar question of arbitrarily high order remains open
in the context of splitting methods for parabolic problems with non-periodic boundary conditions.
Although the proposed implementation is mainly for validating the theory, we believe that this
contribution paves the way for a more efficient implementation with possible future generalizations
to multiple dimensions and beyond the linear case.
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