ARBITRARY HIGH ORDER SPLITTING METHODS FOR LINEAR
SCHRODINGER EQUATIONS WITH NON-TRIVIAL COMPATIBILITY
CONDITIONS
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ABSTRACT. Splitting methods are a natural choice for the numerical time integration of partial
differential equations, and arbitrary high order splitting schemes exist for Schréodinger equations
with periodic boundary conditions. However, in the presence of non-periodic boundary conditions,
we show that they suffer in general from an order reduction, even for smooth initial conditions. The
reason for such order reduction phenomena are so-called compatibility conditions, which are not
preserved by classical splitting schemes. In this paper, we introduce a family of modified splitting
methods for one-dimensional linear Schrédinger equations with homogeneous Dirichlet boundary
conditions, which achieve an arbitrary high order, and do not suffer from any order reduction.
This is illustrated with a fourth order splitting scheme considering initial conditions with various
regularity properties.

1. INTRODUCTION

We aim at studying smooth solutions to the linear Schrodinger equation
(1.1) i0u=(0>4+V)u inRx(0,1), u(-0) =u(-1)=0 iR,

where V' € C*°([0,1];R) is a given potential and u : R x [0,1] — C. More precisely, we look for
solutions

(1.2) ue COR; H*) n CHR; H*+72)
for some k > 1, where the Sobolev spaces are defined as usual by
H* = {u e L*([0,1];C) | V¢ < k, 8w € L?([0,1];C)}.

In general, Schrodinger equations serve as the fundamental evolution model for driven quantum
systems, e.g. in optics [31], quantum fluids |7, 8|, and laser-matter interaction such as strong-field
ionization [33|. The one-dimensional linear problem (1.1) is of use to linearize nonlinear problems
and approximates higher-dimensional confined quantum systems, especially in the context of split-
ting methods. Thereby, the problem is often studied over a torus, i.e. with periodic boundary
conditions [13, 18, 28], see also [22, 23], where low regular initial data is considered. In contrast, on
an unbounded domain, usually one inserts absorbing boundary conditions for the time integration
of the problem |2, 3, 4, 5]. However, when modeling a particle confined to a bounded region, we
impose homogeneous Dirichlet boundary conditions.

A common way to integrate in time the boundary value problem (1.1) on a time inverval [0, T
for some T > 0, is to approximate the exact flow by a numerical scheme at time t, = n7, where
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7 > 0 is the time step. We write
_ir(82
Upt1 = Prup = U(tn-‘rl) =e€ lT(aerV)u(tn)v n=0,1,...

where @ is one step of a numerical scheme, e.g. a splitting method, which approximates the exact

flow e~IT@2+V) | We consider two subproblems, namely

(1.3) 0u(t,z) = ?u(t,z) inRx (0,1),  u(t0)=u(t1) =0 inkR,
as well as the potential equation

(1.4) i0wu(t,z) = V(z)u(t,z) inR x (0,1),

where we denote the exact flows by e~ 1t02,(0) and e~V (0 for given initial data u(0,-) = u© and
t € (0,T]. Although an operator splitting is not absolutely necessary for the time integration of the
linear problem (1.1), splitting schemes allow a separate treatment of each sub-operator, which can
lead to increased efficiency and easier implementation.

In [21] (see also [6] for lower regularity assumptions), second order convergence for the Strang

splitting scheme
(1.5) pStrang _ o~ FV —ir0 ,~FV

is shown when integrating i0;u = (92 + V)u over the torus, i.e. in the context of periodic boundary
conditions. More general, in [32] splitting methods

s 2 3 3 2 s
(16) (I)T —e 1bs7—81.6 iasTV | e 1b17-8x€ 1a17-V’

of arbitrarily high order are achieved for real coefficients aj,b;,7 = 1,...,s,5 > 1, satisfying par-
ticular order conditions. While the full order convergence seems to persist for the second order
scheme (1.5) when integrating in time the initial problem (1.1) with homogeneous Dirichlet bound-
ary conditions, splitting methods of higher order suffer in general from an order reduction. For the
numerical experiments, we focus on the symmetric splitting scheme

s s 2 s s 2 s s 2 s
(17) (1)3’0 —¢ 1a17V6 lblTaze 1a2‘rVe 1b27'8z€ 1L127'V6 1b1‘raze ia 7V

)

introduced by Yoshida [34] in the context of Hamiltonian systems, with real coefficients
ai = (2(2 - 21/3))717 as = (1 - 21/3)a1, b1 = 20,17 bz = —24/3a17

based on the order conditions in [29]. Method (1.7) is of formal order four, i.e. we observe a
fourth order convergence of the numerical solution u, = (®¥%)"u(%) to non-stiff ordinary differential
equations with smooth vector fields. However, in general it converges with order strictly smaller
than four when applied to problem (1.1). In Figure 1, we illustrate the convergence behavior of
the Strang splitting method (1.5) and the classical scheme YO (1.7). On the left panel, for the
initial condition u(®)(z) = sin(2mz) and the potential V(z) = cos(27z), we observe full order
convergence for both schemes. The choice of the even potential and the odd initial data is somehow
favorable, since the numerical solutions of (1.5) and (1.7) correspond to the splitting solutions of
problem (1.1), when considered with periodic boundary conditions, see Remark 5.2 for more details.
Moreover, for u(®(z) = (1 — 2)e*(=%) and V(z) = 1 4 42 — 42, this property is lost, and (1.7)
converges with reduced order two. Thus, both in terms of the convergence order and the error
constant, the naive method (1.7) does not perform better than the second order scheme (1.5). In
the literature [10, 11, 16, 17, 20], there exist modifications of splitting schemes, which avoid such
order reduction phenomena for parabolic problems. However, in general there is no improvement in
terms of the order when we directly apply those correction techniques in the context of Schrodinger
equations.

The reason for such an order reduction as observed in Figure 1 is caused by the presence of some
non-trivial generalized boundary conditions. We show that whenever the solution to problem (1.1)
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FIGURE 1. Convergence error of the splitting schemes (1.5) and (1.7) applied to prob-
lem (1.1) for initial condition and potential u(®)(z) = sin(27z), V(x) = cos(27rz) (left) and
u® (z) = 2(1—2)e®=2) V(z) = 144z — 42> (right) respectively. Reference slopes of order
two and four are given in dashed lines. We set the final time 7' = 0.1, and use N = 512
points to discretize the interval (0,1). For the reference solution, we consider an explicit
fourth order Runge-Kutta method with time step 7 = 1076.

is smooth in the sense of (1.2), it satisfies so-called compatibility conditions (see Proposition 2.1).
In other words, w lives in the function space

(1.8) HZ ={ue H* |V =0,1,....k—1, (82 +V)'u(0) = (8> + V)*u(1) = 0}.

In [24], such conditions were first introduced for non-autonomous problems wu; + A(t)u = f(t),
where A is a closed operator with good stability properties, and later applied to a generalized
Schrodinger equation with Neumann /Dirichlet boundary conditions. We also cite [25], where the
same framework is used to show global existence of small solutions to nonlinear viscoelasticity.
Furthermore, compatibility conditions were studied in order to achieve high regularity of solutions
to hyperbolic problems with non-homogeneous boundary conditions [26, 30].

If we integrate in time problem (1.1) by means of classical splitting methods, the compatibility
conditions are in general not preserved, which may lead to a loss of regularity. In particular, the
operator u — Vwu does not map H‘Q/k-functions to H‘Q,k . For instance, for k£ = 2, there holds that
H{4, = Hﬁir, where we denote in general by

(1.9) HY ={ue H* |Vt =0,1,...,k — 1, 9*u(0) = 9*u(1) = 0}

the space (1.8) for V.= 0. Then, considering u(z) = sin(27z), we have u € HZF for all k >
0. However, if u is multiplied by V(z) = sin(2rx), there is 92(Vu)(y) # 0, y € {0,1} (and
analogously for higher derivatives), and consequently Vu ¢ H]%ir, see also Figure 4 in Section 5.
This phenomenon does not appear when periodic boundary conditions are considered. That is
why the convergence results for high order splittings over a torus cannot directly be applied in the
context of zero boundary conditions. In general, in order to get high order convergence, the solution
has to be sufficiently smooth, which is the reason why the compatibility conditions intervene.

In this paper, we introduce a family of numerical methods, which integrate in time the evolution
problem (1.1) with arbitrarily high order. Our approach relies on writing the smooth solution as

(1.10) u(t) = %r e OV =iy (0)
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Here, v = e~ % can be seen as a change of variable H‘Q/’“ — H]%]fr, where we define corrector
functions €, k > 1, in a way such that v and all its derivatives 8%312, ¢ < k, vanish at the boundary.

Furthermore, e HOZHVE™) denotes the exact flow to the modified problem

(1.11) 0 = (02 + VW, inRx(0,1)  v(-,0)=v(,1)=0 inR,

where V& = e~% (924 V)e® — 2 defines the modified potential (which is no more a multiplication
operator). We will show that this flow preserves the function space H%’fr. For the time discretization,
we use splitting methods to approximate the solution of problem (1.11). For 7 > 0, we denote by ®¢*
one step of a splitting scheme (1.6) applied to the Cauchy problem. This corrected splitting schemes
preserve the space regularity, e.g. the modified compatibility conditions, given by H]%]fr. In order
to discretize in space, we first apply a periodic extension to the torus of double size of the interval
[0, 1], and define the respective functions on this torus, we write e.g. w©® for the extended initial
condition. Then, we use pseudo-spectral methods in order proceed the space discretization, where
the index N indicates that the operators and functions are discretized in space, and corresponds
to the number of points we use to discretize the space (0,1), to the number of Fourier modes
respectively. Finally, for the numerical schemes

(1.12) n,y = €SN (D) e N )

there holds the following error estimate. If 1 < a < k and u(9) € H‘Q/k then for all T'> 0 and N > 1,
we have

lu(tn) = tn x| g2e Spge (r0E=0P) 4 N=20=0)y 1,0 o for 0 < 8, < T,

~

where u € CY([0,T]; HZ¥) is the solution of (1.1) and p > 1 is the formal order of the splitting
scheme @...

The outline of the paper is as follows. In Section 2, we define the compatibility conditions and
show that (1.10) is a unique solution (1.2) to (1.1). Furthermore, we discretize this solution in
time by means of classical splitting schemes. In Section 3, we explain the space discretization and
introduce the notation in order to prove the main result in a fully discretized setting. In Section 4,
we show that the modified splitting schemes (1.12) integrate in time problem (1.1) with arbitrary
high order, and therefore avoid order reduction. Finally, in Section 5 we confirm numerically

the convergence result while applying the presented modifications to the fourth order splitting
scheme (1.7).

2. COMPATIBILITY CONDITIONS AND CORRECTORS

In this section we give a representation of smooth solutions (1.2) to the boundary value prob-
lem (1.1), and discretize them in time by means of splitting methods. Then we show arbitrarily
high order convergence of the new schemes.

2.1. Compatibility conditions. In the following result, which is inspired by [24], we show that
smooth solutions to (1.1) satisfy the compatibility conditions defined in (1.8).

Proposition 2.1. Let k > 1 and v € C°(R; H?*) N CY(R; H?*72) be a solution to (1.1) then
Vi <k, ueCI(R;HF )

where
Ya>0, HX={uecH*|VYl<a, (24 V)u(0)=(8?+V)u(l) =0}.

Proof. In a first step, we show the result for j = 0, i.e. u € CO(R; H‘Z/k), by induction over k.
Note that
Hpy ={ue H? | u(0) = u(l) = 0} = Hiy,
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therefore, u € CO(R; H‘Q/) and the result holds true for k¥ = 1. Then, we consider a solution
u € COR; H?)NCH(R; H?*~2) of (1.1). Since H** ¢ H?*~2 continuously, by induction hypothesis
we have u € CO(R; H#~?). Thus, since HZ¥ 2 is a closed subset of H%~2 and u € C*(R; H?+~2),
we deduce that u € CH(R; H‘Q,k_Q). Finally, since u is a solution of (1.1), there holds true that
(82 + V)u € COR; HZ?) and hence, u € CO(R; HZF).

In a second step, for k > 1, we show that if u € CO(R; HZ) N C1(R; H‘Q/kfz) is a solution of (1.1),
then u € CY(R; H‘%k_% ) for all j < k. Indeed, by a straightforward induction on j, we have that
w € CI(R; H2*=21) for all j < k with #u = (=i)7(82 4+ V)Ju. Thus, using u € CO(R; HE), we
deduce that (‘ﬁu € COY(R; H‘Q/k_Qj). Finally, noticing that H%,k_% C H‘2,k_2j for ¢ < j, we get, as
expected, u € CI(R; H‘Q/k_%). [ ]

Furthermore, we exhibit a polynomial structure behind these compatibility conditions.

Lemma 2.2. There exists a family of polynomials f; € C*°([0,1];R)[X], i > 2, with deg f; =i —1,
such that

20
VEZ0, (05+V) =02+ fi(0or.
=2

Proof. Expanding (92 + V)¢, it is clear that there exists C functions ge,i such that

2/
VEZ0, (034+V)' =02+ go02
i=2
What we really have to prove is that gy; is polynomial with respect to £. So we are going to derive
an induction relation for these functions.
Indeed, for all £ > 0, we have

((3% + V)E—l—l

=02+ V)02 + V)
20 . 4 4
= 02+ V)OI + Y (O +V)gea)O2 ™" + g0y 27" + 2(ugei) 07
=2
2042 4 20 4 2041 '
= Q2+ V)O + Y (02 +V)gri2)0Z 27 4D 00i0 T+ Y 200g0i1)07
i=4 =2 =3

For the special case i = 2, we get
Get1,2 = ge2 TV,
which implies
VE>0, gpo=1LV.
Additionally, for ¢ = 3, we obtain
9r+1,3 = 9,3 + 202902,

and consequently,

-1 -1
VE>0, gos =Y 20.0k2 =20,V Y k= ({—1)d,V.
k=0 k=0

Generally, we set go; =01if i ¢ {2,---,2¢(} and we deduce that
(2.1) VA<i<20, gip1i= ((02+V)gri-a) + gei + 202901
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Moreover, the following identities hold true,

go+1,2042 = (85 +V)geoe and  gep12041 = (32 +V)ge 201 + 20.90,2¢-
Finally, by (2.1) and ¢ > 4, we have
-1
VE>[i/21 + 1, geqi = g2+ Z Gk+1,i — ki
k—[i/Z]

= 9gli/2),i + Z 82+V gkz 2)+2a:cgkz 1
k=[i/2]
So by induction, it is clear that gy; is a polynomial with respect to £ of degree ¢ — 1. [ |

Finally, by means of Lemma 2.2, we reformulate the compatibility conditions and represent them
in terms of the computed polynomials.

Proposition 2.3. For y € {0,1}, there exists a family of polynomials (P, ;)j>1 C R[X], with
degPy, ; < 2j such that for all a > 0,

-1
(22)  mE={uem* | ve<avye (0,1}, (3~ P00 @ )u(y) =0},
j=1

Proof. Without loss of generality, we focus on the left boundary y = 0 and, for readability, we
omit the subscript y. We prove (2.2) by induction over a > 0. For the initialization, it suffices to
note that

0 _ 170 2 _ 772 4 _ 774
Hy = Hp,,, Hy = Hp;,, and Hy = Hp,,.

Therefore, let a > 3 and consider u € Hyf 2a By Lemma 2.2, we have

(2.3) (0% 4+ V) u(0) = 0% u( ZQ, 092 u(0),

where Q; € R[X] is defined by Q,i(¢) := —f;({)(y) and satlsﬁes deg@; <i—1.
Using that u(0) = 92u(0) = 92u(0) = 0, we deduce of (2.3) and the fact that (92 + V)*u(0) = 0 for
£=0,...,a—1,

-2 /-1
07 u(0) = Y Q07 % u(0) = > Qa1 (033 *Vu(0) = 0.
= i=1
Then, we define the polynomials P; € R[X], i > 1 by means of the recursion formula

(2.4) Pi(l) = Q2i41(£) + Z Q2m () Pieyn (€ — m).
Note that deg P; < 2i. Then, by induction we have 92/=%u(0) = Zf it - )8% 2 (2j+1)u(0)
and thus, we get
82t Z Quill ézl:l P, §)924-2i=(2m+1),, Z Qaiz1 (0)2 Dy (0) = 0.
Re-ordering these sum, we Conclude that -
924u(0) — § (Q%l + Z Qo (€) P (£ — m) )agf—@i“)u(o) —0,
i=1

=P;(¢)
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which justifies definition (2.4) of P;(¢) and concludes the proof. |
The polynomial representation of the compatibility conditions in (2.2) is crucial for the con-

struction of the corrector functions.

2.2. Change of variable in terms of correctors. Throughout this paper, for n > 0 and
y € {0,1}, we consider a family of smooth functions ¢, , € C*°([0, 1]; R) satisfying

Vz € {0,1},Vi >0, iipny(2) = Lomylicy,.
Moreover, in order to construct the correctors, we introduce the following operators.

Definition 2.4. Given n >0 and y € {0,1}, the operator I, is defined inductively by
x
Vu € L' Vo €[0,1], Zyy1u(z) = / (Znyu)(z)dz and Zpyu = u.
y
Remark 2.5. An alternative concise way to define Ly, forn > 1 is

! I /$(:c — 2)" Lu(2)dz.

Inyu(x) = (nT

In the following proposition, we construct a family of correctors in terms of the smooth functions
©n,y and the operators Z,, .

Proposition 2.6. There exist real coefficients a;pny € R, withi > 1 and 1 <n < 2i+ 1, such that
for all k > 1, the correctors defined by

k—12i+1

(2.5) Cru = Z Z Z iy P2it1-nyLnyu

ye{0,1} i=1 n=1
satisfy
exp(€y) HEFH? ¢ HZH2,
We first prove Proposition 2.6 in the model case k = 2, the general case then follows.

Proof of Proposition 2.6 for £ = 2. First, we note that for all real coefficients «, the corrector
@, maps HS into itself. Moreover, due to Proposition 2.3 we have that exp(CQ)Hgir C H‘G/ if and
only if for y € {0, 1},

vu € H]%irv e@zu(y)
Yu € Hpy,  02e®u(y) =
Yu € Hpy, (03 — Py1(2)0:)e®u(y) = 0.

T

0,

The first two equations are satisfied anyway, so lets concentrate on the third one. The point is
just to rewrite this property as a system of equations on « and finally to solve it. Thus, since
exp(€q) = sinh(€s) + cosh(€2), the equations we have to solve are

(2.6) 9% cosh(€2)u(y) = P,1(2)d, sinh(€2)u(y),
for y € {0, 1}, what corresponds to the even terms. Similarly, for the odd terms we get
(2.7) d% sinh(€2)u(y) = Py1(2)y cosh(€a)u(y).

Now, we note that, for n = 1,2, 3 we have

4

O =
O (p3—nyInyu)(y) = <3 _ n) u(y) p
0 p=1,2,3.
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More generally, given ¢ > 2, y, € {0,1} and 1 < n, < 2i, + 1, i > 1 we have

—
a‘;l( H ¢2ia+1*nayya:z'—nayya)u(y) = 0
1<a<q

Thus, the terms given in (2.6) are equal to zero, whereas for the odd terms in (2.7) we get
8, sinh(€2)u(y) = 0;Culy) = (6a1,1,y +4a1 2y + a1 3y)0u(y),
and

P, 1(2)0; cosh(€2)u(y) = Py1(2)du(y).

As a consequence, the system we have to solve is for y € {0,1},
(2.8) 6a11,y +4a12y +a13y = Py1(2) = =20V (y),
and thus, there exist coefficients aq 4,1 < n < 3, such that exp(€s)u € H‘6/ forany u € HS, . =

Proof of Proposition 2.6 for general k£ > 2. First, we note that whatever the coefficients «,
the correctors €; maps H**2 into itself. It suffices to check the compatibility conditions. More
precisely, by Proposition 2.3, we have that exp((’,‘k)H%’f;r 2c H‘2/k+2 if and only if

/—1
Yy € 0,1}, V0 < k,Yu € HE?, (92 =Y P, (002 ) e u(y) = 0.
j=1

Then, the point is just to rewrite this property as a system of equations on « and finally to solve it.
So from now, without loss of generality, we consider u € H = (>, H&X, y € {0,1} and ¢ < k.
Now, we note that, for all 1 <n <2i+ 1,7 > 1 we have B

p —(2i+1 . .
or—(2it1) f p>2i+1
(2.9) oy (¢2i+1—n7yzn7yu) (y) = (21' +1— n) T u(y) if p>2i+

else.
More generally, given ¢ > 1, y, € {0,1}, 1 <n, <2i,+ 1,4, > 1 for 1 <a < g we have

N
ag( H gp?ia“!‘l_nayya:[naaya)u(y)

1<a<q
Qe g — 1\ 2 —
H P 'Zgal a+ agZqu qu(y) if p22z‘§q+qand Y= yr=-=1Yq
— 21+ 1 —n4
1<a<q
0 else

where we used the notation

Thus, since u € HEj;,, the equation we have to solve is
/—1
02 sinh(€x)uly) = 3 Py (002 D cosh (€ Ju(y).
j=1
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Then we expand theses terms and using (2.9) and we get

07" sinh(€x )u(y)
1 —
¢
:Zm > > B emew@icri-neaZneyu(®)
=0 T < 1<ing+1<k—1 1<a<2g+1

1<n1<2i1+1 1<ngg4+1<2i2g41+1

-1 .
(9 Qi mg, 20— 2icqg—1—a+1
S AEETUED SEND SIS | ] s i
a a

i=1 t<2g+11+9=1 1Snqa<2iq+1 1<a<2¢+1
T ¢>0 V1<a<2q+1

and
-1 .
3 P (0PI cosh(€)uly)
j=1
1 {—1 4 —
:ZW Z Z ZPM(@@%_(%H) H i 10,y P2ia+1-na,5Tna,y U(Y)
N A PP 1<ing<k—1 j=1 1<a<2q

1<n1<2i1+1 ISnqu2i2q+1

-1 ) .
(2 Qigmay (20— 2] —2icq—1 —a
:Zagé (2 +1)u(y) Z Z P, ;(0) H . Yy < ot 1 Eanl >
=1 a a

i<oqtqti=i1<na<2ig+1 1<a<2q
q>0 V1<a<2q

In the particular case of ¢ = 0, we get Pyyi(f)agef(mﬂ)u(y) for ¢ <k,i>1and y € {0,1}. Asa
consequence, the system we have to solve is for all £ > 0,7 > 1,y € {0,1}
> ooy )
Z7"(L7:.IJ -
1<n<2i+1 2it1-mn
Ao ong y 20 — 2j — 2i<a_1 —a
— P . E ) ) =
DD DI HCI | () e

(2.10) i<2qtati=i 1<na<2iq+1 1<a<2q
>0 V1<a<2q

ia,a, 25—2'_11_ —a+1
S SRS DR | T Gt i BT

1<2¢+1+q=1 1<n,<2iq+1 1<a<2q+1
T o>l V1<a<2g+1

First, we note that the indices in the sums do not depend on £ and b being fixed that we have
20 20)---(26—b+1
Jy (20) 20t
b b!
Thus, since P, ; is a polynomial of degree deg P, ; < 2j, it follows that P; , is a polynomial of degree
smaller or equal to 2i. So we can forget the variable ¢ and consider (2.10) as a system of equalities
between formal polynomials indexed by . Then, to solve it, it suffices to note that it is triangular
with non zero coefficients on the diagonal. Indeed, on the one hand P; , only depends on oy, 4 With
1<b<i—1land1<n<2b+1 and on the other hand
~ 2X)---(2X —(2i+1—n)+1)
c RQH—l — (
B 24 & (2 + 1 —n)!
1<n<2i+1

is a polynomial of degree b.

c Rggi [X]

is clearly an isomorphism where R<;[X| denotes the space of the polynomials of degree smaller
than or equal to 21. [ |
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By means of (2.10), we can compute the coefficients ; ,,, in terms of the polynomials P, ;.

Table 1. Values of P,;(¢) for y € {0,1} and 1 <1 <3, evaluated in £ = 2,3,4.

i\ | 2 |3 | 4

1| =20,V (y) | —60,V(y) —120,V (y)

2 10 —403V (y) —2403V (y)

310 0 —602V (y) + 120,V (y) 02V (y)

In the following example, we give possible representations of the correctors €, €3 and €4, where
we make us of some values P, ;(¢), see Table 1.

Example 2.7. From the system (2.10) follows that for k >> i, the coefficients oy are uniquely
defined for all1 <n < 2i+1 and y € {0,1}. Otherwise, the system is underdetermined and we
have a lot of degrees of freedom, hence many coefficients oy in the definition of € (2.5) can be
set equal to zero. For 1 < n < 3 andy € {0,1}, the coefficients oy, of the operator €, satisfy
the identity (2.8), so technically for each point of the boundary y, we can choose two of them equal
to zero. Therefore, in order to achieve a solution u € C°(R; H*) N C1(R; H?) to problem (1.1), we
consider e.g.
Q:Q = —1/2833‘/(0)(,00,01—270 - 1/285(;‘/(1)@0711271.
For k=3, i.e. to get HS-reqularity, we have to solve the systems
a13.y + 4@1727y + 6@171@ = —-20,V,

a13.y + 60&17273/ + 150[171’3,, = —69,V,

and
a5y + 6094,y + 15023y + 20022 + 15021 4 = —48;2"/,
for i =1, 1 = 2 respectively. So, if we set e.g. a1,y = @21y =0 and gy = 0,n = 3,4,5 for
y=0,1, we get
€3 = Z (=20:V1,4Tay + 60 Vo, T3,y — 1/56§V‘P3,y12,y)-
ye{0,1}

Finally, for k =4, i.e. to achieve a solution of H®-reqularity, there is no degree of freedom in the
case i = 1, for y = 0,1 we have a11,y = —1/20,V, 0124 = 1/40,V and on 3, = 0. Additionally,
for i =23 we get the following systems to solve,

25y + 6024y + 15023, + 20092, + 15021, = —492V,
25y + 824,y + 28a23, + 56022, + 70021y = 2403V,
and
ag7y + 8as2y + 28035, + 56034,y + T0033,y + 56032, + 28as1y = —605V + 120,V OLV.
For the numerical experiments, we consider the following variant of the corrector €y,

¢y = Z ( — 1/2835V(p27y117y + 1/46;5‘/(,017311—2@ — 31/3582‘/903@1—2,?;
ye{0,1}
+32/3502V 2, I3,y + 1/T0(—602V + 120, V02V )04, T3 ).
Note that all the derivatives &2V and function ¢y, are evaluated in y = 0, 1.

Now, we establish a basic useful property on the correctors.
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Lemma 2.8. Let k > 2 for all j > 0, we have that exp(€y) is bounded on H¥ and satisfies
exp(Cp)Hjy = HY if j<k+1.
In order to prove Lemma 2.8, we need the following result.

Lemma 2.9. Let E be a Hilbert space, A : E — E be an isomorphism and F,G C E be two close
subsets of E. If AF C G and dim F+ < dim G+ < oo, then AF = G.

Proof. First, we note that by duality, the inclusion AF C G is equivalent to A*G~ C F+. Then
using that A* is bijective, we have that

dim F* < dim G+ = dim A*G*.
Thus, we have A*G = F+, and so AF = G. [ |

Proof of Lemma 2.8. Since €, is bounded on H%, exp(€}) is also bounded on H¥. By
construction, we also know that exp(Qﬁk)H]%’fj 2c H‘z,k“. Thus, if 0 < j < k + 1, by continuity of
¢ in H¥ and by density, we deduce that exp(@lk)H]%]ir C H%/ . Finally, since

codim H%/ = codim H%{r =2j
we conclude by a dimension argument that these inclusions are equalities, see Lemma 2.9. |

Due to Lemma 2.8, the application of the operators et allows to switch between the spaces
H2k‘+2 and H2k+2
Dir 14 '

2.3. Modified potential. In this subsection, we define the corrected potential in terms of the
corrector functions given in (2.5).

Definition 2.10. Given k > 1, we introduce the modified potential, defined by

Vot = e_e’“((?i + V)eck — ai.
Theorem 2.11. Let k > 1. Then, for all j € {1,...,k}, the potential V,{°" is bounded on H% | and
it satisfies V,forH%]ir C H%Jir.

Proof. Let j € {1,...,k}. In order to show that V" is bounded on H?/, we expand the
exponentials,

VEr = em Vet — 92 4 e 92 = em Gy 4 Z (_ql!)qad‘ékai,
q=1

where we use the notation for the iterated commutators, adg, () = [Qk,adgl()] for ¢ > 1 and
adglC = Id. Since € is bounded on H?, it suffices to prove that [0?,&};] is bounded on H?.
Expanding €, it suffices to prove that for all y € {0,1}, all n > 1 and all » € C*° the operator
[02,4T,.,] is bounded on H*. Then, we notice that since Z,, , is an iterated integral,

Vn > 1,Va > 0,Vy € {0,1}, Z,, is bounded from H* to H*™™.
It follows, by composition, since 25 > 2, that almost all these operators are bounded. The only

remaining one is [8%,1/}114/]. So, we compute it to observe a cancellation. Indeed, given v € H?%
and y € {0,1}, we have

02, T yJu = O3 .uz dz) — -8§uz dz
02 0Tl = 020 [ w(z)2) v [ outa

y
= (a;%d))l'l,yu + 2(3z¢)u + I,ZJ&EU - ¢8wu + @Zjaxu(y)
Since the terms of order 1 (i.e. 0yu) cancel out and 2j > 2 (which ensures that u +— Jdyu(y) is
bounded), we deduce that [02,¢Z; ] is bounded on H?.
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For the second property, by density, it suffices to prove that
Vi C
In other words,
Yu € HE2 W0 < Wy € {0,1},  0%e (92 + V)eS u(y) = 0
or equivalently (note that 92¢02u(y) = 0),
e (92 + V)et HE 2 ¢ HE: .
Note that (92 + V)H‘Q/]H'2 C HZ. then, by means of Lemma 2.8, we conclude the proof. ]

Then, applying the Duhamel formula, we directly deduce the following corollary.
Corollary 2.12. For all v\® € HZE ([0,1];C) there exists a unique solution
v e COUR; HEY) N CY(R; HEE2)
to the Cauchy problem
(2.11) 0w = (P +V inRx(0,1), v0)=00 inR.

As usual, we denote it by v(t) = e HOTHVET)y(0),

2.4. Dynamics. Finally, we show the equivalence between smooth solutions (1.2) to problem (1.1)
and the existence of solutions to the above Cauchy problem (2.11).

Proposition 2.13. Let k > 1. A function

u e COR; H*) n CHR; H*+72)
is solution to (1.1) if and only if there exists v(0) € HZF such that
(2.12) VteR, wu(t)= %h e HOTHVE) 1, (0)

Proof. Firstly, let v(®) € HZE and u € CO(R; H**)NC (R; H?*~2) satisfying (2.12). We shall show
that u is a solution to (1.1). Due to Theorem 2.11, €}, is bounded on H2*~2 and ¢ s ¢ #(0iHVi™) ) (0)
is O with values in H**~2, thus we have
i0u = e+ (9% + V,for)e*it(aﬂ%vkcor)v(o).
As a consequence, there holds
i = e (82 + VE)e HOHHVEN (O — oB(92 4 VEor) =S (t) = (02 + VYu(d),
where the last identity is just the definition of V", Finally, since e~V () vanishes at the
boundary (because it belongs to HZF) and exp(€;)HZ C H‘Q/k C H2. by Proposition 2.6, we
deduce that u also vanishes at the boundary.
Now, we assume that u is solution to (1.1). We set v = e~%u. By composition, we directly have
that v € CO(R; H**) N CY(R; H**~2) and
i = e % ((93% +V)u= e Sk (8% + V)eckv = (83 + Vi v.
Then, we set v(®) = v(0). By uniqueness of the solution to the Cauchy problem (2.11), to conclude
the proof, it suffices to prove that v takes values in H%’fr. To get this last property, by Proposition
2.1, u takes values in H‘2/k and finally, e~% maps H%k in Hl%’fr by Lemma 2.8. |
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2.5. Time discretization and splitting methods. As a direct corollary of the results of this
section, we deduce the convergence of a high order method for the time discretization. The method
relies on the formula

u(t) = e€ke—it(6§+v,§°r)e—€ku(0)
of Proposition 2.13. First, we discretize (1.1) in time by applying a splitting method. For a time
step 7 > 0, we approximate the solution u at discrete time t,, = nt by

(2.13) Uy, = €%k (e_ib”a;r(fiasTV,for) e e_ib”a;r(fialTkaor))ne_C’“u(o),

where a1, b1, ,as,bs € R are the coefficients of a splitting method of formal order p > 1, s > 1
is the number of stages and r is a real analytic function, defined on a neighbourhood of the origin,
such that

r(z) = €* + O(F), as z — 0.

Since we are not able to compute exp(—itV, ") exactly, we approximate r by a Runge-Kutta method.

Remark 2.14. The method in (2.13) can be interpreted as a processed scheme. Thereby, for a
constant time step T, a preferably computationally cheap integrator K, is enhanced with a change
of variable 7, the so-called post-processor,

Uy = 7y 0 KT o 7 (u(0),

in order to get the numerical solution w, of the original problem. This approach is favorable if the
computation costs of the kernel K are cheap, since it is implemented n times, while the processors
7,7t are computed only once. This idea was first introduced as concept of effective order [15],
to achieve an explicit Runge-Kutta method of order five with only five internal steps. There was
a revived interest for this approach of effective order with the development of geometric numerical
integration methods, where integration with a constant time step is natural |12, 19, 27]. In general,
processing is applied to increase the accuracy of a scheme while keeping the same (or a fewer) amount
of evaluations per step. Reconsidering (2.13), the splitting scheme ®Y0°T corresponds to the kernel,
and €% denotes the post-processor m, although it does not depend on 7 (analogously, e~ is called
the pre-processor 71 ).

The family of splitting methods given in (2.13) preserves the regularity in space, i.e. the space
H]%’fr. As a corollary of Theorem 2.11, applying the classical result for convergence of splitting
methods [21], we consider the following error estimate for this time discretization.

Proposition 2.15. If1 <a <k and u® € H%/k, then for oll T > 0, we have
() = wnll e oo 7 F P [0l yax - for0 < t, <T.

Note that we use in general the following notations:
e |la]| < ||b]] means bounded up to a constant C, |jal| < C||b||, and
e |la|l <p,...3,. [|b]| means the constant may depend on fi, ..., Bm, m > 1 (but not on a and

lall < C(B,..., Bun) b1l

In Section 4, we prove Proposition 2.15 in a fully discretized setting.

3. SPACE DISCRETIZATION

In remains to consider the space discretization of (2.13). We aim at performing pseudo-spectral
methods in order to get high accuracy. The main point is that we have to be cautious when
discretizating V,*°" because a bad discretization would easily lead to an unbounded operator (and
so to instability). From now on, we consider k > 2, u® e H‘Q/]’C as fixed and the corrector function
¢ in terms of the associated coefficients «; , , given by Proposition 2.6.
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Throughout this section, we approximate the solution of (1.1) at time ¢t € [0, 7] by trigonometric
polynomials, u(t) € Py, where

Pn = Spang(e ™V ... MV © L2(T), and T = R/2Z.

and N > 1 is the parameter of discretization in space.

3.1. Periodic extension. We have to represent numerically smooth functions which do not belong
to H%’fr because they do not satisfy the generalized Dirichlet boundary conditions. A natural
approach is to consider these functions as restrictions on [0, 1] of smooth functions on T. In order
to do so, we design an evolution equation whose solutions, when restricted to (0, 1), coincide with
those of (1.1) (or its modified version (2.11)).
First, we introduce functions

e W e COO(T;R) s.t. VV|[O,1] = V,

o w0 ¢ H?*(T) s.t. w\([%)ll =40,

o Yy € CO(T;R) s.t. ¢y = @ny on (0,1) and 9y, , = 0 in a neighbourhood of —%.
We consider the operator of extension by imparity, defined by

< { cll - T Eu(x) =u(x) if z€]0,1]

u — Eu where {Eu(x):—u(—x) if xe(-1,0)

We also introduce the operator of restriction
T [0,1]
R { ct - C

U — U|[0,1)
Furthermore, we denote by A their composition A = ER. We point out the following basic lemma
that will be very useful.
Lemma 3.1. For all j > 1, A is a bounded operator H*/(T) N R‘ngr([O, 1)) — H?(T).

Then, we extend the operator Z,, ,u by setting
[ LY(T) = LYT)

Tnsytt { u = Tnyl

where

(n—ll)' /m(x — 2)" lu(2)dz.
"y

Note that it is still an iterated integral, similarly to Definition 2.4 (it is defined in this way by
conciseness). Then, we define the analogue of € on the torus by

Vo € (=1/2,3/2], Jnyu(r) =

k—12:+1

Qku = Z Z Z O‘i,n,yw%—l—l—n,yjn,yu-

ye{0,1} i=1 n=1

Since the functions 1);, vanish in a neighbourhood of {—1/2}, the following result holds true by
construction.

Lemma 3.2. For all s > 0, & is bounded on H*(T).
Moreover, proceeding exactly as in the proof of Theorem 2.11, we get the following lemma.
Lemma 3.3. For all s > 3/2, [0, €] is bounded on H*(T).

Furthermore, the spaces of odd periodic functions are denoted by

oid(T) ={ue H*(T) | u=Au}, s>0.
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Remark 3.4. Note that for all j > 0, £ is bounded from H]%{r([O, 1]) to Hggd(’ﬂ‘) and R is bounded
form H%(T) to H¥([0,1]). Moreover, R maps H>2 (T) to HZ ([0,1]).

We can now define the modified potential by
Wi = Ae™ (97 + W)e® — 2,
and we show the following result as a corollary of Theorem 2.11.
Corollary 3.5. For all j € {1,...,k}, Wg°" is bounded on Hgéd(T).

Proof. First, we note that R€, = ¢, R by construction. Thus, since &, is bounded on L?, we
have for all t € R,
Vu € L*(T), Rexp(t€;)u = exp(t€;)Ru.
Thus, since the operators 92 and W are local, we have
(3.1) Vu € H3(T), Wu = EVETRu.
Due to Theorem 2.11, V7" is bounded on H]%er and it follows that W°" is bounded on ch]l ,(T). m

Finally, the following proposition states that we have designed a periodic extension of (1.1).

Proposition 3.6. For allt € R, we have
(3.2) e I(OF4V),(0) _ o o€k o —it(OZ+ W) A o —€hpy(0)
Proof. First, as in the proof of Corollary 3.5, we have Re!® = e!®*R. Thus, we have by
construction
RAe T w®) = ¢~y (0,

By Theorem 2.11, we have Re % w(© ¢ H%]fr, and thus, Ae= % w(© ¢ chllfd. Then we set

VieR, z(t)= e HOEHIWE) p =gy (0)
and we have z(t) € H2% for all t € R. By construction and using (3.1), its restriction satisfies

10;Rz = R(82 + W)z = (02 + V") Rz,
Since Rz € CO(R; HZ) it follows by uniqueness of the solution to (2.11) that

VteR, Rz(t) = e*it(angkar)Rz(O) = e HOZHVE™) o=y (0)

Finally, we conclude by Proposition 2.13 that (3.2) holds. ]

3.2. Discretization in space by pseudo-spectral methods. It remains to perform the space
discretization. We have to discretize 02, &y, Wg°r as operators acting on Py. First, we define the
discrete torus

Ty = Aa:(Z/(QN + Q)Z),
Then, we introduce the discrete Fourier transform by setting

-1, PN — (CTN
7N { w oWy

1

for a grid spacing Az = 5.

Note that the usual formula holds too. Furthermore, we denote by Ilp, the orthogonal projector
on Py, i.e. HPN : Lz(’]l") — Pn,
N+1

IIp, Zwkei“k' = Z wre™ . vw e CZ.
keZ k=—N
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We introduce the operator of restriction to the grid

Ay - CO(T) — Pn
N w —> ]:Nw\’]I‘N

Moreover, we introduce the desaliased product
Yo,w e Py, vow = Ilp, (vw).
This desaliased product can easily be computed in practice thanks to the following classical lemma.

Lemma 3.7. For all v,w € Py, we have vow = lp, Aony1(vw).

Proof. We note that vw € Pyn41. As a consequence, we have that vw = Agny1(vw) and so
vow = Ilp, Aany1(vw). [ ]

Note that the coefficient 2 could be replaced by 3/2 but it would require extra notations.
Moreover note that Az becomes (4N + 4)~! when considering Asn 1.
In order to define the operator, we discretize the functions t9;41—p, and w© by setting
Y2it1—ny,N = ANV2i41-ny, and wES) = Ayw®.
Then, we discretize € by setting
k—12i+1

€k7N = Z Z Z ai,n,yAN(";Z)ZiJrlfn,yjn,y)

ye{0,1} i=1 n=2

k—1
* Z Z i1,y (V2iy,n 0 Ti + AN (Yaiy f:;’und))

ye{0,1} i=1
where we use the notations
jﬁlyaineiwh — ]lkz;éo (iﬂ_k,)—neiwk;- and jvgzund _ jn,y _ jrgl;in'
Note that for all u € L(T) and all z € (-1/2,3/2],
— )" d = — ) ,
jv?,(g);undu(l') — (:U y) /u(z)z _ (.%' y) Jmain u(y)
T

n! 2 [T

Then we discretize A by setting
Ayw = Fnv,
where v € CTV is defined by
v(x) =w(z), VeelAz{l,...,N} and v(—z)=-v(z) VreTy.
We discretize the modified, extended potential W' by setting
WiN = Ane 8N (92 + Ay (W-))ewN — 52,
Finally, we state the following convergence result for this space discretization.

Proposition 3.8. Let T'> 0 and t € [0,T], then we denote

(3.3) v(t) = eChe HOZAWET) N e=Cryy(©) and un(t) = eG’“vNe_it(aiJrW’g?f{’)ANe*Ek’Nw](\?).
If1 < a <k, there holds
(3-4) () = on ()] 20 SN 2w O o

Note that due to Proposition 3.6, v(t) is a periodic extension to exp(—it(02 4 V))u(®). The proof
of this proposition requires many technical lemmas, thus we postpone it to Section 4.2.
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4. CONVERGENCE ANALYSIS IN A FULLY DISCRETIZED SETTING

4.1. Consistency and stability. In this subsection, we prove consistency and stability estimates
for the discretized operators. Motivated by Lemma 4.5 below, we introduce the following ad-hoc
norm

Vue H?,  lullyz = llullgz + N2 (u(0)] + u(1)]).

In a first part, we state and prove boundedness for some operators we introduced in the previous
section. We recall the following standard result, which is a consequence of the Poisson formula, see
e.g. [1, Lemma 3.9].

Lemma 4.1. For all s > 1/2, all N > 1 and all f € H®, we have ||Anf|lzs Ss || -
As a corollary, we deduce the following basic lemma.
Lemma 4.2. For all s1 > so > 1/2, for allu € H*' and all N > 1, we have

lu = Anull e Sop N7 fu o1

~oS2
Proof. First, we note that AnxIlp,u = IIp, u. Thus, by Lemma 4.1, we obtain
lu = Anullgs < [lu—Tpyulas + | An(u — Tpyu) || gs
§52 Hu - HPNUHHS? 582 N_(SI_SQ)HU - HPNuHHsl r§82 N_(SI_SQ) HUHHslv
which concludes the proof. [ |

We also recall the Plancherel identity in this context.

Lemma 4.3. For all u € Py and all N > 1, we have

[ @RS =l = 5 5 )P

ze€Tn

Then, we study the operator Ay.

Lemma 4.4. For all N > 1 and all u € Pn, Anu € H23,(T) is an odd function. Moreover, if
u(0) = u(1) =0, we have Ayu = AyAu.

Proof. Let f = Ayu and let
N+1
f= 2 fu™
k=—N
be its Fourier decomposition. Since

=30 S fgee

z€T N
and f(x) = —f(—=x) for all z € Ty by definition of A, there holds that

N
f=Y2ifsin(kr),
k=1
and therefore, f is an odd function on T.
Moreover, we note that if u vanishes at the boundary, Au € H?, and so it makes sense to consider
AnAu. Thus, it suffices to note that AyAu € Py is an odd function on T, which is equal to u on
Az{l,...,N}. |
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Lemma 4.5. Let N > 1, v € H?**(T) and vy € Py be such that Rv € HZ\.. Then, we have
IAv — Anowllaz S llo = onllgz + N7 ]o] g

and, a fortiori,
[ANON |2 S llvwll g2, -
Proof. Let Vg n, ¥y € Py be such that
Vy € {0,1},Vz € Ty, Yy n(z)=1,—,.
We note that by Lemma 4.3, there holds

Azx
[Wonllz2 = V1Nl =1/ —-

2
Thus, for all y € {0,1}, we obtain
Wy nlle2 < N2y x| 2 S N*VAZ ~ N2,
Then, we set
WN = UN — UN(O)\IJ(LN — UN(l)\I’l,N-
By construction and Lemma 4.4, we have
Anyvy — Av = Aywy — Av = ANA(’LUN - U) + AyAv — Av.
On the one hand, since Rv € H%’fr, we obtain by Lemma 4.2,
[ ANAY = Avl| g2 S N2 Avl goe S N725F2 0| ax.
On the other hand, by Lemma 4.1, since wy(0) = wy (1) = 0, we deduce
JANA(wN =)z S M wy = )|z S lwy = vl 2.
Since || Wo x| g2 + %1 x| g2 < N3/? and v vanishes at the boundary, we conclude that
lwn —vllgz S llv—vnlliz
holds true. u

Furthermore, we prove a continuity estimate for the desaliased product.
Lemma 4.6. For all N > 1, s> 1/2, u,v € Py and y € {0,1}, we have
luo vl So lullelolle and [(wo o)) S N2l (lloll gz + N¥2[o(y)]),
and
(4.1) luo vl < lulllioll s .
Proof. Since Ilp, is an orthogonal projection, the H*-bound follows directly,
[wov|ms = [Hpy (o)l < lluvllas S ullas (o]l a:-

Then, we prove the bound for (uov)(0) (the one in y = 1 is similar). Setting w = v —v(0), we have
that uw € Pony1. We use the H2-bound to show the following estimate,

[(wov)(0)] < 0(0)[[(uo1)(0)] + |(wow)(0)] S [v(0)[[[ull g2 + [(uw)(0) — (w o w)(0)].
Furthermore, by Lemma 4.3 we obtain that
|(ww)(0) = (wo w)(0)| S NY?|luw — wow| 2 = NY?|[(Id = Tpy Juw| 2 < N7 |luw| 2.
Finally, we deduce the desired estimate,
|(wov)(0)] S N2 [lullg2(l|v]l 2 + N¥?[v(0)]).

Note that (4.1) is then an immediate consequence of the definition of the norm || - HHJQV |

In the following, we state and prove consistency and stability for the discretized correctors.
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Lemma 4.7. For all N > 1, u € Py, we have
1€ku — € null s, S N2 ul| s

Proof. We have to expand € and € y. Solet y € {0,1},1 <i<k—1and1<n <2i+1. First,
we note that if n > 1, then 92;41_y yJny vanishes at the boundary. Therefore, by Lemma 4.2, there
holds

H (¢2i+1—n,y~7n,y)u - AN(¢2i+l—n,y\7n,y)uHH12V = H (in—l—l—n,yjn,y)u - AN(¢2i+l—n,y\7n,y)uHH2

< N_2k+2||¢2z’+1fn,y~7n,yu||H2k S N2y o

Then we focus on the case n = 1, which is more delicate. First, since wgi,yjlbzund

boundary, we have again by Lemma 4.2,
bound bound bound —2k+2
[ (W2iy T2y ) = An (21 Ty ) 2, = 11(1d — AN) (V20 Ty " )Lz S N 7252 | o
Similarly, we get
50 Ty 0 = iy Tyl gz, = N2y v T — 2y Tyl 2 < N 7252 g
Thus, it only remains to control
[ =12y N o Tiy " — oy NIy
Observing that f € Poyy1 is a trigonometric polynomial of degree smaller or equal to 2N + 2, we
deduce by Plancherel that

u vanishes at the

£z S F ez + N2 flle S N2 e
Finally, by definition of the desaliased product, we have

1112 <A = oy ) iy, v Ty )l 2 S N2l o
which concludes the proof. [ |

Using that @, is bounded on H? and vanishes at the boundary, we deduce the following result
as a corollary.

Corollary 4.8. For all N > 1 and all u € Py, there holds HQ‘EkNuHH]zv < ullgz-
Finally, we prove the following consistency result for the corrector and its flow.

Lemma 4.9. For all N > 1,v € H? vy € Py, t € [-1,1], we have

(4.2) 1€rv — Eenunllgz S llv—vnllaz + N7 || grav.
and
(4.3) e 0 — e BN N g2 S o — onll gz, + N2 o] o

Proof. First, let us prove that (4.2) implies (4.3). We set w(t) = e!®v and wy(t) = e Nuy.
We note by (4.2) that

90w = wn) 1, = €60 = @xvionllag, < llw = ww g, + N7+

sup [[w(7) | grax-
ITI<1
Then, since €, is bounded on H?*, see Lemma 3.2, we deduce

sup [lw(7)| gt S [0l prae-
IrI<1

Finally, to get (4.3), it suffices to apply the Gronwall inequality.
Now, we focus on (4.2). We set uy = Anv and, since €;(v — uy) vanishes at the boundary, we
have

1€k0 — € NNl gz, < 1€ (0 — un) g2 + (€ — € n)un gz, + [1€kN (un — vN) |z -
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We control the first term by applying Lemmata 4.2 and 3.2. We get

T2 0] e

For the second term, we apply Lemma 4.7 and we obtain by Lemma 4.1,
(€ = € n)unllm, S N2 unll e S N 7252 of| o

Finally, for the last term, we apply Corollary 4.8 to get

[€r(v —un)|lg2 Sllv—unllgz SN

1€ (un —vm)llmz S lluy = onllaz S llo = onllgz + luy = ollgz < o —oxllge + N 7252 |o] gos,

which is the desired estimate (4.2). [ |

Now, we study the consistency and stability of the discretization of Wg°". The proof will mainly
rely on the following critical lemma.

Lemma 4.10. For all N > 1 and all u € Py, we have

(4.4) 1102, €5 nlu — 102, €xlull gz S N2 |lul| o
and, a fortiori,

(4.5) 1107, €k Null gz S llull 2.

Proof. First, we note that to get (4.5) from (4.4), it suffices to use that [02, €;]u vanishes at the
boundary and that [02, €] is bounded on H? (Lemma 3.3). Then we are going to expand €y — &,
and to analyze the different terms arising. So, let y € {0,1}, 1<i<k—1land1<n<2i+1.
In a first step, we estimate the term

By = [0}, i © T + Ay (21 TE5™) = iy Jiglon
As in the continuous case, E7 is critical. It requires the desalised product. Indeed, 82J mam =0
and Oy (w o v) = (Ozw) o v + w ¢ (Oyv) for all v, w € Py, and thus, we have

(02, Py N © T = 20,91 N 0 U+ O3thaiy N © Tip .
Then, we use that

dz ,
Toguta) = (@ =) [ 2T - Tl

to deduce that

d
02, Ax (s Tl = DA = p)imy) [ ()G = OB N T ) + iy ).

Using that a similar decomposition holds for [62,12; 4 J1,] (see the proof of Theorem 2.11), we
deduce that

1B 2 S B+ Erz + Ei3 + B,

where
E11 = ||(0x%2i9,n) ©u — 3x?l)2i,yu||H12Va
By = |[02AN (& = y)taiy) — 2((x — y)vo2iy)| 2 llull 1,
Ei3 = ||[Y2iy,N — V2iy sz\[’aa?u<y)’a
By = [[(0342i9,8) © v — (0342i)0] 12,
and

v = jmam jmaln ( )
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First, by Lemmata 4.1, 4.3 and 4.2, since 0,v2; y Nu € Pan1, We have
En <[|(Id = IIpy ) (Oethiy,nu) |z, + 1102($2iy — V20,8 )ull 12,
SN = Tpy ) (8xtbaiy,n) | 2 + N2[[(Id = Tpy, ) (Dutp2iy,nw) | 2
+ N3/2||6m(w2i,y — V2iy,N)ul| 2
SN 00ty xcull e + NP2y — i x|l 2

SN CE 210001y, | 2w [l e + (1265 — i vl s [l 2) S N™E2 ] g
Then, the estimates on E19 and E13 present no difficulty and, due to Lemma 4.2, it follows directly
FEis + Ei3 S N72k+2H’U,HH2.
Finally, since ((9%@!)217% N)U € Pony1, still using the same lemmas, we have

By <|[(1d = Tpy )(2tbaig )0l 2, + 1(058021,9,8 — O3402i)0l 122,
SN = py ) (D32iy,n )l a2 + N2 (Id = Tlpy, ) (97821980 2
+ N*2 |91y, N = Doyl ]| 12
SN 2203401y N )0l ok + N 7222 0] 2 S N2 o] o

In a second step, we estimate the term [0, AN (¥2i+1-n.yTny) — V2i+1—nyTnylu With n > 2.
On the one hand, since 1/)2”1,”,1/\7”798%11 vanishes at the boundary, we have by Lemma 4.2

||AN(¢2i+1fn,y~7n,yagu) - ¢2i+17n,y~7n,ya%“”H]2V

= AN ($2i1-n,y TnyOatt) = Y2ir1-n,y Ty Oul 2

S N2 hgig1 iy Ty O]

5 N72k+2H¢2i+l—n,y r?iaQi?yuHH% + N72k+2”1/’2i+1—n,yj72(;unda§u”H2k
S N2 gor S N72EF2 o] gran

On the other hand, we set f = ¥9i41—nyJTnyu, and we note that ||f| gerr2 S ||ul|g2x. Moreover,
since IIp, = Anllp, , for all s € {0,2}, we have by Lemma 4.1

1102, AN fll s = 02 AN (1d = Tpy ) f + An(Tpy — 1) f|| s
S AN = Tpy ) fllgs+2 + [[(Hpy — 1T f | 115
SNTE fllgs S N e,
and thus, by Plancherel,
1162, AN fll g2, S Nl e
Finally, observing that 92 f vanishes at the boundary, we obtain
1024 F = 621z < 1102 ANIS gz, + 1 (Ax — )02 1z
= 1107, ANIfll 2, + I(Ax = 1)02 fll iz S N 7242 || 2,
which concludes the proof. ]
As a corollary, we deduce the following useful result.
Corollary 4.11. For all N > 1 and all v € H**(T) and all vy € Py, we have
103, € nlon — (85, €xlollgz, < Ml — onllm, + N 772 o] o
Proof. We set wy = Ayv and we decompose the bracket as
1103, €k n]on = [02, €kl 2

<103, € n)(on — w3, + 102, € v — ExJwn |z + (102, €kl (wn —v)| 2 -
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First, we control the last term. We note that [02, &;](wy — v) vanishes at the boundary. Thus, its
H%-norm coincide with its H2-norm. Then we use that [02, ;] is bounded on H?, see Lemma 3.3.
Furthermore, we apply Lemma 4.2 to get

1183, €l(wn = o)z, = 1103, l(wn = v)llaz S lwn = vl S N 72 [0|gor.
Then we focus on the first term. We recall that by Lemma 4.10 we have the boundedness of
[02, €, n] on H%. Thus by Lemma 4.2, we have that

103, €xnl(on — wn)llmz S lov —wn gz, S llow = vl + N 722 o] o

Finally, the bound on the second term is given by Lemma 4.10, since there holds ||wy || g2r < ||v]| g2x
by Lemma 4.1. |

Finally, we deduce in the following result and its corollary the consistency and stability of W,‘C"’]{f

Proposition 4.12. For all N > 1, all v € H2X (T) and all vy € Py, we have
W on = Wil gz < llo = oz + N 7252 lv] gas.

Proof. Since

—te€ 2 te€ —t¢ 2 te€
o, (e mNOZe k,N) —e k,N[am7 Q;ka]e RN

we can write
Wiy = ANTiy +AnToy  and W™ = ATy + ATy,
where we use the notattion1
v = / et N 92 & Nt Ndt, Ty = e N Ay (W-)ebh,
0

and similarly,
1
I = / e [92 @ letCrdt, Ty = e CrWetk,
0

Thus by Lemma 4.5, we have
W oy = Wil gz S ITivow = Troll gz, + [Tavon —Tovllgz + N7FF2[[(D1 + T2)ol gras.

By Lemmata 3.2 and 3.3, we have [[(I'1 + I'2)v||g2r < ||v]|g2e. Then, we focus on estimating
||F17NUN—F11}||HI2V (the bound on HFQ’N’UN—FQ’UHHJQV is similar and does not require extra arguments,

so we skip it).
We fix t € [0,1] and aim to prove uniform bounds in ¢. Applying Lemma 4.9 and 4.11, we have
le™*[02, €yl kv — e~ RN D2, € n]e" E N oy | 2
S o —onllgz + N-2F2(1]102, €xle ™ ol e + [0l v + (o]l g2e).
Thus, applying Lemmata 3.2 and 3.3, we get
le™ %82, €xle ko — e RN [D2, €4 e E N un |2 S (v — unllgz + N7 o]l e,

from what we deduce the desired estimate. [ |

Corollary 4.13. For all N > 1, all1 < a <k, allu € ANPn = Pn N HSS,, we have

IWERN Ul fr2a S Jlull prza-
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Proof. First, we recall that by Lemma 4.4, ANPy = Py N HS5,;. Then we apply Proposition 4.12
with v = vy = u and, using Corollary 3.5 , we get that
IWENull g2e < [[WERw = Tpy Wi ul| 2o + [[Tipy W ull g2

< N2@-D [Winu — Ip Wiul gz + Wi ul| g2
< NP W — Wl o + W u gz

SN2ED ) o+ [[ufl gze S lfull e,
which is the desired result. [ ]

4.2. Error estimates of arbitrarily high order. We are now in the position to state the main
result of this paper. Somehow, we want to merge Proposition 3.8 about the space discretization and
Proposition 2.15 about the time discretization. Thus, naturally, we define the full discretization by

(4.6) U,y = €SN (R ) A e SV )

where
b0 iy 02 .
N = e T (—ia T WER) - - e T (—ia TWER)
and, as in Subsection 2.5, a1,b1, -+ ,as,bs € R are the coefficients of a splitting method of order

p > 1, s > 11is the number of stages and r is a real analytic function defined on a neighbourhood
of the origin and such that

r(z) = e+ O(PT)  asz — 0.
Then, we prove the convergence of this full discretization.

Theorem 4.14. If1 < a <k and u e H‘Q/’g then for all T > 0 and N > 1, we have

lu(tn) = Run,vll 20 S (FF=0P) 4 N72E) O o for0 < t, < T,

~

where u € CO([0,T); H¥) is the solution of (1.1) and (un N)n>0 € PN is the full discretization given
by (4.6).

In order to prove Theorem 4.14, we show first convergence of the space discretization in the new
variables, and afterwards Proposition 3.8.

Lemma 4.15. For all N > 1, allv € Hggd(T), allvy € PN NHS,, allT >0 and all t € [-T,T],
we have

2k+2||7)

lwn () = w®) > St llo = onllg2 + N™ [

3 2 cor . 2 T
where we set wy(t) = e AW yy and w(t) = e AWy,

Proof. Without loss of generality, we assume t > 0. By Duhamel, we have
t
w(t) — wn(t) = e (v —vuy) + / eI (Wt (1) — Wi wn (7)) dr.
0
Using that e~1193 is an isometry on H?, we get by Proposition 4.12

t
lw(t) —wn @)l S llv = onllg2 + /0 [w(T) = wn (7)|| g2 dT + N%HTOSUET [ ()| e
_T_

Then, we use that W is bounded on H2X, (Corollary 3.5) to get that ||w(7)||gax S [|v]] o
Finally, we conclude by applying the Gronwall inequality. [ |
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Proof of Proposition 3.8. First let us prove that it suffices to deal with the case a = 1: we
assume that (3.4) holds for a = 1 and we prove it for a > 1. We use the notation given in (3.3) for
v(t) and vy (t). We have
[o(t) — on ()] g2 < |(Id = Tpy )o(t) || 2e + [Tpyo(t) — on (8)]] 2o
< N2 o (b)) v + N2V Hpyv(t) — on (1) 2
N-

< N2 () + N2 u(t) — vy (6) L2

3.4)
< N2ED ()] gan + N2 N2 O o,

~

—

Finally, it suffices to prove that |[v()|| gzr <t [[w(?]| y2e. Since € is bounded on H?* (Lemma 3.2),
and W is bounded on H2%, (Corollary 3.5), we have

(4.7) o)l e S lle WD Ae =S w | o S [|Ae™ S w )| o
Furthermore, note that Rw(® € HZ* and therefore
Re G = =GR ¢ H%’fr

due to Lemma 2.8. Thus, by Lemma 3.1,

(4.8) e w O o < lle™ *w | gar S [Jw® || .
Finally, to get (3.4) in the case a = 1, it suffices to apply successively Lemmata 4.5, 4.9, 4.15 in
order to control the H?¥-norms arising in (4.7)-(4.8). [ |

Proof of Theorem 4.14. First, by Proposition 3.6, it suffices to prove that
[o(tn) — wnn | g2e Spope (FRRE=P) 4 N=20=a)y 1y O))) oy for 0 < ¢, < T,
where
o(t) = Bk HOHWE™) g =€ (0).
Applying Proposition 3.8 about the semi-discretization in space, we have
(4.9) Jo(t) = e e MR R e <o N7 ) g,
where we denote
zg\?) = ANe_G’“vaE\?).

Then, using that € y is bounded (uniformly in N) in H?® (it is a direct corollary of Lemmata 4.1
and 4.6), it suffices to prove the convergence of the time discretization of exp(—it(92 + W%)), i.e.
we have

e O WER A0 — (05)" 2P e S 70 0@ o for 0 < #, < T
Since W% is bounded from Hggd N Pn to Hfgd N Pxn (uniformly in N) for all j € {1,...,N}
(Corollary 4.13), applying the classical convergence result for splitting methods [21], we get that

e~ @A WER) LD (@8 2P| 20 S 7™ E DD o for 0 <ty < T
As a consequence, it suffices to prove that ||z§\?)|| xS J|w @] g, Indeed, since € x is bounded
(uniformly in N) in H?*, we have by (4.9) (applied in t = 0 with a = k),

2 e < e 0(O)]| e + o e S fle™ Ae™ [ gan + [0 .
Finally, since

Re Gk w®) = =% (0) ¢ H]%’fr
due to Lemma 2.8, we have by Lemma 3.1 (and using that ¢ is bounded on H?¥) that
e Ae™*w® | o < (| @] gpor,

and thus, the desired error estimate holds true. |
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5. NUMERICAL RESULTS
In this section, we illustrate the numerical time integration of the linear Schrodinger equation
(5.1) 0u(t,z) = (02 + V(z))u(t,z) in[0,T] x (0,L), u(t,0) =wu(t,L) =0 in[0,T],

with initial condition u(?)(2) = (0, ) by means of splitting methods. Thereby, we consider the
subproblems (1.3) and (1.4), with exact flows e % 4(©) and e~ V4O for ¢ € [0, 7).

Remark 5.1. While we take x € (0,1) for the convergence analysis, we numerically integrate
problem (5.1) over a larger interval (0,L), with L > 1. As explained in the previous section, in
order to define the corrected potential WE°" on the torus T = R/2Z, we require periodic extensions
of the initial condition u(® — w©), the potential V. — W, as well as the functions Ony F Vny,
y € {0,1}. Classically, this is achieved by means of so-called bump functions, which ensure a smooth,
periodic extension. However, derivatives of these extended functions may become very large, leading
to a significant global error between the exact solution and the modified schemes. Thus, even though
high order convergence still persists in this case, we may observe unfavorable error constants. To
avoid such large constants, we choose L > 1 and consider smooth functions w®, W, Yny, y € {0, L},
on the larger torus Ty, = R/2LZ, and work with their restrictions to the interval [0, L]. Analogously,
we consider the function spaces H?*, H%’fr and H‘z/k over [0, L].

In this section, we numerically integrate in time the boundary value problem (5.1) for various
potentials V and initial conditions u(?). Table 2 summarizes all data considered, together with the
compatibility conditions satisfied by the initial condition for each potential. In addition, we indicate
in which figure the corresponding functions are used in the numerical experiments.

Table 2. Regularity of the initial condition u(®)

Initial condition ‘ Potential ‘ Regularity‘ Figure
ugo) (z) = sin(Z2) Vi(z) = cos(%E) Hy Fig. 1 (left)
| Va(w) = 1448 4o | e Fig. 1 (right), Fig. 2 (left)
uy) (¢) = a(L — 2)el 12| Va(z) = sin(5E) | H}, Fig. 2 (right)
Va(z) = e1? H{Z Fig. 3

For the illustration of the results in the previous sections, we focus on the symetric splitting
scheme (1.7) with real coefficients. Recall that the method is of formal order four, but converges in
general with reduced order when applied to problem (5.1), in contrast to the second order Strang
splitting method (1.5), which does not suffer from an order reduction, see Figure 1.

Remark 5.2. If an odd initial condition w®) € H?* and an even potential W are considered on
the torus Ty, then both, the Laplacian u + O>u and the potential u — Wu, commute with the
projector A onto the subspace of odd periodic functions Hggd(TL). Hence, the exact flows e~ ito:
and e V" preserve H?X (Tp), and the numerical solutions obtained by the splitting methods (1.5)
and (1.7) on the torus coincide (after restriction to the interval (0, L)) with the splitting solutions

of problem (5.1) [14]. With ugo) and Vi we are in this setting, and therefore the naive schemes

converge with full order, whereas the mentioned reqularity is not satisfied for ugo) and Vs.
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FIGURE 2. Convergence error of the corrected splitting schemes Yk , k = 2, 3,4 applied to

problem (5.1) for two different potentials Vo (left) and V3 (right), and initial condition ugo).
Comparison to the naive method Y0 . Reference slopes are given in dashed lines.

In the following, we denote the naive splitting schemes without any corrections by Strang for (1.5)
and Y0 for method (1.7). Moreover, Yk refers to the family of corrected methods (4.6), depending
on the parameter k = 2, 3,4, where we use the identities in Example 2.7 to compute the correctors
& N, €3 v and €4 n. The flows eT€:.N are computed by one step of an explicit fourth order Runge-
Kutta method at time ¢ = 1. The method was chosen out of simplicity, there are other possibilities
to approximate the exact flow of the corrector functions. In general, the computational costs of
this flows can be very big for an approximation with high precision. However, for the considered
examples, we do not observe a significant improvement in terms of the error constant if we choose
more steps in order to compute et.N. As reference solution at final time 7', we use the same
Runge-Kutta method, here with a very small time step 7,..f = 1076, We choose N = 512 points
to discretize the interval [0, L] with L = 27, and we proceed the simulation for time steps 7 =
0.02-27" ' n=0,...,5, and a final time T" = 0.1. The MATLAB codes which compute these modified
splitting schemes and illustrates their convergence are available at [9].

In the following two Figures, we consider the initial condition ugo), whose regularity depends on
the potential, see Table 2. In view of Theorem 4.14, we expect the global error of Yk | k = 2, 3,4,

to be of order O(7¥~!) in the L?-norm, whenever ugo) € HZ.
In Figure 2, we compare the convergence of the naive scheme Y0 with the one of its modifications

Y2 ) Y3 and Y/ for two potentials V5 and V3. We have ugo) € Hy C H‘%, so, by the convergence
analysis, we expect a third order convergence for the scheme Y/ . However, numerically we observe
that the corrected method converges with order four for almost all considered time steps 7. It seems
that this behavior persists for the schemes Y2 and Y3 . Furthermore, note that for V3, the initial
conditions has lower regularity, namely ugo) € H‘4/3, than what is theoretically required for a full order
convergence. As before, we observe order reduction for Y0 , whereas all corrected methods achieve
full fourth order convergence. Moreover, for both considered potentials, the modified methods
outperform the naive scheme also in terms of the error constant for small time steps 7.

In Figure 3, we consider the potential V}, which is, in contrast to V5 and V3, non-symmetric
with respect to the middle point L/2 of the interval [0, L], and again we have only ugo) IS H{‘;4.
Nevertheless, for all values &k = 2, 3,4, the corrected methods still exhibit full order convergence,
while the naive scheme Y0 suffers from an order reduction and converges with order 1.5. In the right

panel, we additionally plot the error in the H2-norm (which corresponds to a = 1 in Theorem 4.14),
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FIGURE 3. Convergence error of the corrected splitting schemes Yk , k = 2, 3,4 applied

(0)

to problem (5.1) for the potential V; and initial condition uy ’. Comparison to the naive

method Y0 . The global error is plotted in the L?norm (left) and the H?-norm (right).
Reference slopes are given in dashed lines.
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FIGURE 4. Left: Regularity of the classical potential V' = V3 and its corrected version
Veer applied to u = ugo). We plot the Fourier modes |9;| of AN(W3w§O)) (k = 0) and
W,gf’]{,e_e’fﬂwi% for k = 2,3,4. Right: Fourier modes |i;| of the exact solution of the

problem (5.1) with ugo)’ V3 at time ¢t = 0.1 and ¢t = 1. Reference slopes of order three and
five are given in dashed lines.

and observe third order convergence for all modified schemes, rather than only in the case k = 4,
as predicted by the theorem. Furthermore, for small time steps, the corrected methods again yield
smaller error constants, regardless of which norm is used to measure the global error.

Remark 5.3. The regularity of the corrected potential W,gozf, applied to some vy € Py is usually
observed only for high Fourier modes. However, in this regime round-off errors show up and thus,
the difference in this regqularity is often not visible for different values of k. In order to illustrate

this phenomenon, we plot the Fourier coefficients of vy = .AN(Wgng)) and the corresponding

corrected potential W,f%e_ekvlvw§oj)v for k=2,3,4 in Figure 4. Thereby, we denote by W3 and wgo)
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the extended potential Vs, initial condition ugo) respectively. Note that vy is even, and therefore
all the sin-terms vanish (up to machine precision), that is why we only show the corresponding
cos-terms. We observe that the modes of vy are of order three in terms of the frequency I, what
confirms that the boundary conditions are not preserved by the classical splittings. In contrast, as
proven in Theorem 2.11, the corrected potential preserves the space H%’fr. Precisely, the expected
reqularity can be observed for k = 2 for high modes. For k = 3,4, round-off errors appear in this
regime. In contrast, for lower modes we cannot really spot a difference between WQC‘}{,,W?‘:% and
Wfﬁ{, As illustrated in Figures 2 and 3, the simplest correction, what corresponds to the case k = 2,
often avoids order reduction in the splitting scheme (1.7). In addition, we observe that the Fourier
coefficients of the exact solution are of order five in terms of I, which explains numerically that we
gain two orders thanks to the dispersion 0%, see Figure J (right).

To conclude, although the naive scheme Y0 has formal order four, it generally integrates the
boundary value problem (5.1) with a reduced convergence order between one and two. In contrast,
the corrected scheme Y/ achieves at least third order convergence whenever u(® € HS, which
confirms the statement of Theorem 4.14. In practice, Y/ converges with full order four for many
examples, which is finally better than what we expect from the convergence analysis. Numeri-
cally, this result persists for initial conditions which do not satisfy the compatibility conditions at
sufficiently high order, and also for the methods Y2 and Y3 .

CONCLUSION

We introduced to the best of our knowledge the first corrector technique for splitting methods for
the approximation of smooth solutions of the linear Schrédinger equation with non-trivial compat-
ibility conditions, and obtained a family of corrected splitting methods achieving an arbitrary high
order of accuracy. In contrast, note that the similar question of arbitrarily high order remains open
in the context of splitting methods for parabolic problems with non-periodic boundary conditions.
Although the proposed implementation is mainly for validating the theory, we believe that this
contribution paves the way for a more efficient implementation with possible future generalizations
to multiple dimensions and beyond the linear case.
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