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Abstract

The reduced basis finite element heterogeneous multiscale method (RB-FE-HMM) for
a class of nonlinear homogenization elliptic problems of nonmonotone type is introduced.
In this approach, the solutions of the micro problems needed to estimate the macroscopic
data of the homogenized problem are selected by a Greedy algorithm and computed in
an offline stage. It is shown that the use of reduced basis (RB) for nonlinear numer-
ical homogenization reduces considerably the computational cost of the finite element
heterogeneous multiscale method (FE-HMM). As the precomputed microscopic functions
depend nonlinearly on the macroscopic solution, we introduce a new a posteriori error
estimator for the Greedy algorithm that guarantees the convergence of the online New-
ton method. A priori error estimates and uniqueness of the numerical solution are also
established. Numerical experiments illustrate the efficiency of the proposed method.

Keywords: nonlinear nonmonotone elliptic problems, numerical homogenization, reduced ba-
sis method, a posteriori error estimator, finite element method
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1 Introduction

Quasilinear elliptic problems enter the modeling of numerous problems such as phase transi-
tions, flow in porous media, or reaction and diffusion in electrolysis to mention a few examples
[14]. Numerical approximations of such problems have been analyzed by many authors. We
mention the works of Douglas and Dupont [30], and Nitsche [35], where the first a priori error
analysis was given for the finite element method (FEM). Much recently and relevant for the
present work, we mention the analysis obtained in [11] for a FEM with numerical quadra-
ture, i.e., when the continuous variational form originating from the nonlinear problem is
approximated by a quadrature formula. In this paper we are interested in quasilinear elliptic
problems with highly oscillatory data of the form

=V - (0" (2, v (2))Vui(z)) = f(z) inQ, (1)

in a domain Q € R, d < 3, where a° (z,u) is a d x d tensor, associated to e > 0, a sequence of
positive real numbers going to zero. Seeking the solution u€ in H'(£2) we assume f € H~(Q).
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For simplicity we assume homogeneous Dirichlet boundary conditions u® = 0 on 92 but we
emphasize that more general boundary conditions could be considered.

Such problems arise for example in infiltration of water in an unsaturated porous media
modeled by the (stationary) Richards equation [17] or (stationary) heat conduction in a com-
posite material [32]. For the standard FEM, a finescale resolution is needed for a satisfactory
approximation. If the ratio between the scale of interest and the finest scale in the problem
is too large, the FEM approximation will have a prohibitive number of degrees of freedom
(DOF), leading to an enormous computational cost. For efficient numerical computations,
an appropriate upscaling of equation (1) is thus needed. Such coarse graining procedures are
rigorously described by the mathematical homogenization theory [18, 31] and are studied for
the class of problems (1) in [15, 20, 29]. These analyses show that the solution u® of (1)
converges in a weak sense to u” as e — 0, where the homogenized function u° is the solution
of an effective (homogenized) equation that is of the same quasilinear type as the original
equation with an effective homogenized tensor a”(x,u%(z)) that depends nonlinearly on u°.
Numerical homogenization methods for problems of the type (1) are derived in [24] for the
multiscale finite element method (MsFEM) and in [28, 12] for the finite element heteroge-
neous multiscale method (FE-HMM) [6, 27]. The MSsFEM is based on a standard FE space
enriched with oscillatory functions, while the FE-HMM is based on a strategy first proposed
in [27] that consists in macroscopic FEM on a macroscopic mesh with quadrature formula
(QF), with effective data (the homogenized tensor at the quadrature points) recovered on the
fly from micro problems. These micro problems, defined on sampling domains centered at the
macroscopic quadrature points of the QF, use only the oscillatory data given by the problem
(1). We focus on the FE-HMM proposed in [28, 12] for quasilinear problems. The practical
implementation relies on a Newton method for the macroscopic nonlinear FEM. Since the
value of the corresponding macroscopic solution is updated at each Newton iteration, the
microscopic problems in each element of the macroscopic mesh need to be recomputed. Al-
though the micro problems can be solved independently in parallel, the cost of the procedure
mentioned above can be prohibitive, especially for high dimensional problems.

In this paper, we show how the use of the reduced basis (RB) method (see [37, 36, 38] and
references therein) for computing the micro problems permits to considerably improve the
efficiency of the standard nonlinear FE-HMM. The use of RB for multiscale problems with
an emphasis on parametrizing various configurations of micro problems have been proposed
in [21, 34, 13]. The application of RB to the FE-HMM is designed and analyzed for a class of
linear elliptic problems in [3]. In this paper, we extend the analysis and the method, denoted
RB-FE-HMM, for a class of nonlinear problems of nonmonotone type. We focus in this paper
on the analysis of the method, while in [5] we detail the implementation of the algorithm for
practitioners, explain the numerical construction of a corrector and also provide 3D numerical
examples for both static and time dependent nonlinear problems. Following the methodol-
ogy of RB, the method relies online and offline procedures: in the offline procedure accurate
micro solutions for the original problem on sampling domains are selected and computed.
These micro problems are parametrized by the location of the cell problem in the domain
Q) and the macroscopic solution at this location. A Greedy algorithm allows to choose an
optimal basis of micro functions (computed with high accuracy) for selected values of the
parameters. In the online stage, a Newton method for the RB-FE-HMM implementation is
proposed with microscopic solutions computed in the reduced basis space, which amounts to
solve small dimensional linear systems in each element of the macroscopic mesh. The overall
computational cost of the online macroscopic Newton method is similar to the cost of single



scale nonlinear problems. One difficulty is the design of an a posteriori error estimator in the
offline stage that is both efficient and also guarantees that the online Newton method con-
verges. We propose in this paper such a posteriori error estimators and prove the convergence
of the online Newton method and the uniqueness of the numerical solution. Furthermore, a
fully discrete error analysis of the quasilinear RB-FE-HMM is derived.

This paper is organized as follows. In Sect. 2, we briefly recall the framework of homoge-
nization theory in our context of quasilinear elliptic problems of nonmonotone type. We then
present in Sect. 3 the new nonlinear RB-FE-HMM with its offline and online procedures,
and analyze its convergence in Sect. 4. We explain some implementation issues in Sect. 5.
Finally, numerical experiments in Sect. 6 show how the use of reduced basis considerably
improves the efficiency by reducing drastically the number of degrees of freedom for various
problems.

2 Homogenization of quasilinear elliptic problems

We assume that the tensor a®(z, s) in (1) is uniformly elliptic and bounded with respect to s
and ¢, i.e., there exist A\, A; > 0 such that

NEP < a(z,9)6 €, a°(z,8)€] < MifE], VEE€RLVseR, ae z €, (2)

and that the functions a,,(z,s), m,n = 1,...,d are continuous, bounded and uniformly
Lipschitz continuous with respect to s. Then, for all fixed ¢ > 0, the weak form of (1) has
a unique solution u® € Hy () (we refer for example to [25, Theorem 11.6] for a proof). The
solution, for each ¢, satisfies the a priori bound [|u®[| 1) < C|f||g-1(q), hence one can apply
standard compactness arguments to the sequence of solution u® that ensure the existence of
a subsequence of {u°} converging weakly in H'(Q2). The homogenization result is shown in
[20, Theorem 3.6] (see also [29]) and reads as follows: there exists a subsequence of {a®(-, s)}
(again indexed by €) such that the corresponding sequence of solutions {u®} converges weakly
to u¥ in H'(Q). The limit function u° is the solution of the homogenized problem

-V (ao(a:,uo(az))Vuo(z)) = f(z) in Q, u’(z) =0 on 9. (3)

The tensor a®(z, s), called the homogenized tensor, can be shown to be Lipschitz continuous
with respect to s, uniformly elliptic, and bounded [20, Prop. 3.5], i.e., there exists Ay > 0
such that!

|a®(z, 51) — a®(x, s9)||p < Az|s1 — sa|, ae. x € Q,Vs1, 55 €R, (4)

and there exist A\, A; > 0 such that a® satisfies (2) (possibly with different constants). Under
these assumptions, the homogenized problem (3) has also a unique solution u® € H&(Q)

We mention that for a locally periodic tensor of the form a®(x,s) = a(x,z/e,s) where
a(x,y,s) is Y periodic with respect to y, the weak convergence of u° to the solution of (3)
holds for the whole sequence {u®} and the homogenized tensor can be characterized in the
following way [15]:

a(x,s) = / a(z,y,s)(I + JZ )dy, for x € Q,s € R, (5)
Y

x(x,y,5)

'In this paper, we use the Frobenius norm on matrices defined as || M|z := trace(M T M).



where J, ;4 5) I8 @ dxd matrix with entries ‘]X(Ly,S)ij = (0x")/(0y;) and x'(z,-,8),i=1,...,d
are the unique solutions in W;}ET(Y) ={z € H;er (Y); [y zdz = 0} of the linear cell problems

with parameters z € Q,s € R

/ a(z,y, S)Vyxi(x,y, s) - Vw(y)dy = —/ a(z,y,s)e; - Vw(y)dy, Yw € WpleT(Y), (6)
Y Y

where H', (V) := {g € H(Y)]| g periodic in Y} and e;, i = 1,...,d are the vectors of the

per
canonical basis of RY.

Remark 2.1. We sometimes refer to the problems (3) or (1) as “non monotone problems”.
This stems from the following fact: writing for example (3) in weak form

B(u%u®,v) = / a®(z,u’(2))Vu' (2)Vou(z)de = (f,v), Vv e Hj(Q),
Q

we observe that the monotonicity property B(u’;u®, u® —v) — B(v;v, u® —v) > Cju’ —UH%{I(Q)

with C > 0 does not hold in general for the quasilinear problem (3) (or (1)). This lack of
monotonicity makes the numerical analysis for FEM a nontrivial task, in particular when
quadrature formulas are used [11].

For our analysis, we will further assume that the tensor a° is symmetric (and thus also
a®) and that the homogenized tensor is continuous,

ad, €C'QxR), VYmn=1,...,d (7)

3 Reduced basis FE-HMM for quasilinear problems

As the homogenized tensor a” in (3) is in general unknown, the task in numerical homoge-
nization is to design an algorithm capable of computing an approximation of the homogenized
solution u? without knowing a°, relying on a finite number of localized micro problems, i.e.
cell problems, chosen in such a way that the overall computation is both efficient and reliable.
Here, we generalize the RB-FE-HMM introduced in [4] for linear elliptic problems to quasi-
linear elliptic problems. This method relies on a macroscopic solver with macroscopic data
recovered by microscopic simulations (the micro problems) performed on sampling domains
located at appropriate quadrature points of the macroscopic mesh. In addition, in order
to avoid repeated micro computations, the solution of the micro problem are computed in
finite dimensional space of low dimension spanned by a so-called reduced basis obtained in
an offline procedure.

3.1 Preliminaries
We describe here the macro and micro finite element spaces needed to define and analyze the

RB-FE-HMM.

Macroscopic mesh and quadrature formulas. The RB-FE-HMM is based on a macro
finite element (FE) space

SEQ, Tr) = {v € HY(Q); v |x € RYK), VK € Ty},



where T is a shape-regular family of (macro) partition of  in simplicial or quadrilateral
elements K of diameter Hg, and RY(K) is the space P*(K) of polynomials on K of total
degree at most ¢ if K is a simplicial FE, or the space Q°(K) of polynomials on K of degree at
most ¢ in each variable if K is a parallelogram FE. For a given macro partition, we define as
usual H := maxgeT;, Hr. We highlight that H in our discretization is allowed to be much
larger than €.

For each element K of the macro partition we consider an affine transformation F such
that K = Fyx(K), where K is the reference element (simplicial or parallelogram). For a
given quadrature formula {:ej,wj}jzl on K, the quadrature weights and integration points
on K € Ty are then given by wg, = w;|det(0Fk)|, zx; = Fx(Z;), j =1,...,J. We make
the following assumptions on the quadrature formulas, which are standard assumptions also
for linear elliptic problems [26]:

QD)@ >0, j =1, 0, 27 & Vp(E;)* > M|V, 4. VB(&) € R(K), where A > 0;

(Q2) [ p(x)de = ijl ©;p(#5), Vp(i) € R7(K), where o = max(20—2, £) if K is a simplicial
FE, or 0 = max(2¢ —1,{+ 1) if K is a parallelogram FE.

Microscopic mesh and RB. We consider a micro FE space S4(Y,N) Cc W(Y) with
simplicial or quadrilateral FEs and piecewise polynomial of degree ¢ on the domain Y =
(—1/2,1/2)¢. We apply a conformal and shape regular family of triangulation 7;, and use N/
to denote the number of degrees of freedom (DOF) of S9(Y,N). The space W(Y') denotes

either the Sobolev space
W(Y) = Wpe, (V) (8)

for a periodic coupling or
W(Y) = Hy(Y) (9)
for a coupling with Dirichlet boundary conditions.
We then consider the RB space, which is a subspace of S9(Y, ) with a low dimension
denoted
Sn(Y) = span{&, nr(y), n=1,.,N} C SUY,N). (10)

where én ~N(y), n =1,..,N denotes the reduced basis. Notice that for the analysis of the
RB-FE-HMM, we shall also consider a RB space of the form
Sn(Y) = span{(§n s éon), m=1,.., N} C SUY,N)?,

which is a subspace of dimension N of (S(Y,\))? involving the same functions &, A+ as in
Sn(Y') and where gtw\/ € SY(Y,N), n=1,..,N. The construction of the RB spaces Sy(Y)
and Sy(Y) is discussed in Sect. 3.4 below.

For each macro element K € 7Ty and each quadrature point zx; € K, j = 1,...,J,
we define the sampling domains Kj, = vk, + (—0/2,6/2)%, (§ > €). We observe that each
sampling domain Kj; is in correspondence with Y through the affine transformation

yEYHGij(y):a:ijLéyngj (11)

This transformation applied to the RB space (10) permits to define the RB space Sx(Kjs;)
associated to each sampling domain K, as

Sn(Ks,) = span{5$n,N(G;;j (z)) =: n ., (x), n=1,..,N}. (12)



3.2 Online procedure: the RB-FE-HMM

Assuming that the RB space has been pre-constructed in the offline stage that we will present
in Section 3.4, we describe here the online stage which relies on a macro method analogous
to the standard FE-HMM with the exception that the micro problems are solved in the RB
space, which has a low dimension, rather that the original FE space S4(Y, N).

The online procedure of the nonlinear RB-FE-HMM for (1) is described as follows: we
compute ul#B € S§(Q, Ty) such that

BH7RB(UH’RB;UH’RB,UH) = / folde, Yo'l e SS(Q,TH), (13)
Q

with a bilinear form defined for all uff, v w# € S§(Q, Tw) b

B, rp(u; 0™, w™) Z Z

KET]l‘ 6’ Ks;

'LLH TK . 'ILH TK .
o (e, 0" (2x,)) oy o2 (@) - Vg 0 (2)d,

(14)
Tr;), the function vy K, (similarly for wj K, (x))

where for the scalar parameter s = uf(

solves vy o — € Sn(Ks;) and

Ulzn J

/ a*(z,s)Voy g, (x) - Van(z)de =0, Vay € Sn(Ks;) (15)
Ks,

where we used the notation Ull?n,j (x) := UN K, (rr;) + (v —2k;) - Vuy k, (7). We highlight
that the RB space Sy(Ks,;) with dimension NN is computed only once during the offline
stage with a precision controlled by an a posteriori estimator described in Section 3.4. It
remains fixed during the online procedure of the RB-FE-HMM. The problem (15) requires
the solution of an IV x N linear system, where the details of the offline output and the online
implementation are discussed in Sect. 5. The efficiency of the RB procedure relies in the
fact that the dimension N of the RB space is usually small. Furthermore, in contrast to
the standard FE-HMM, the number of degrees of freedom (DOF) of the micro (RB) space
remains fixed during the online procedure and does not increase as the macroscopic DOF
increase. This is in sharp contrast with the FE-HMM for which the simultaneous refinement
of the macro and micro DOF is a major computational issue [1].

3.3 Solution of the macro quasilinear problem and Newton method

While the cell problems (15) are linear, the macroscopic problem (14) is nonlinear and is
usually solved by a Newton method.

The following reformulation of the bilinear form of the RB-FE-HMM will be useful to
define the Newton method used in practice to compute a numerical solution u//-#5 of (13).
The bilinear form (14) can be rewritten as

By rp(u; o wf)y = Y ZwK ol k, (@, u (wx)) Vo (ek;) - Vo'l (ek;),  (16)
KeTy j=1

where we define the numerical homogenized tensor as

(@ (o = [

| rcy o) (V91 0) @) - (VN () +ex) dy. (1)



where 1[)}\,5](] € Sy(Y), i =1,...,d is the solution of a cell problem (see (28) below) corre-
sponding to the sampling domain Ks;.

Inspired by [30, 12], we explain here how to solve the nonlinear problem (13) with the
Newton method. For given 2 v wH € S§(Q, Ty) we first define the Fréchet derivative

0Bjr obtained by differentiating the nonlinear quantity By (z HoH o H ) with respect to 2H
and in the direction v,
OBure(z" ;0" w) = By pp(z"; 0", w) + By pp(z"; 0", w), (18)

where by the reformulation of the RB-FE-HMM bilinear form (16) we derive

B}{( H H? H Z ZWK ids NK )|s:zH(sz)UH(ij)VZH(ij)'va(ij)' (19)
KeTy j=1

The Newton method for approximating a solution u’ of the nonlinear RB-FE-HMM (13) by
a sequence {ul} reads in weak form

aBH(uk ;ukH—i—l - uk:va ) = FH(wH) - BH(ukH;ukvaH)a \v/wH € Sg(QaTH)7 (20)

where FH() is a linear functional on S§(€2, Tz) which is an approximation of F(wH) =
fQ x)dz, obtained by using quadrature formulas satisfying (Q2). The fact that the
N ewton method is well defined and the convergence is discussed in Sect. 4.2 while an efficient
implementation is detailed in Sect. 5.

3.4 Offline procedure: RB for quasilinear problems

This section describes the offline stage of the RB algorithm in our context of quasilinear elliptic
problems. The task is to construct a low dimensional RB space Sy(Y') spanned by a small
number N < N of representative solutions of the cell problems (25) below (depending on
the quadrature node xg; and the nonlinear parameter s). In the RB method, the dimension
N is expected to be large to obtain a highly resolved numerical solution of (25).

The main novelty here is that the proposed RB algorithm permits to compute efficiently
with a reliable a posteriori error control not only the solutions of the cell problems (25) but
also their derivatives with respect to the nonlinear parameter s. This is an essential ingredient
to prove in Sect. 4.2 the uniqueness of the RB-FE-HMM macro solution and the convergence
of the Newton method.

Considering an affine representation of the tensor, we first describe a suitable formulation
of the cell problems before presenting the parametrized cell solution space itself. We then
introduce a new a posteriori error estimator and analyze its efficiency and reliability. This
is the key ingredient of the Greedy algorithm for the construction of the RB space that
concludes this section.

Affine representation of the tensor. A suitable representation of the tensor

a:}c}(j ,s(y) = as(Gsz (y)a 5)7 (21)

where we use the transformation (11) which is crucial for the RB methodology, i.e., an affine
representation of the form

P
z, 5(y) = Z Op(zr,s)ap(y), Yy € Y. (22)

p=1



We notice however that such direct affine representation is generally unavailable and a Greedy
algorithm, called the empirical interpolation method (EIM) can be used to approximate a
nonaffine tensor by an affine one of the form (22) (see [16]).

Cell problems. The micro problems in the FE-HMM are based on the FE approximation
of the cell functions szs] € W(Ks,), solving the linear problem

/ a(x, S)V?ﬂ?{j (x) - Vz(z)der = —/ a*(z,s)e; - Vz(z)dr, Vz € W(Ks,). (23)
Ks; Ks

i
which has a unique solution using (2). For the design of the RB method, is more convenient

to work in the space W(Y') (defined in either (8) or (9)) rather than the quadrature node
dependent space W (Ks,). We thus consider the transformation (11) and using the notations

b(0,

N>

) = [ e Vi) - VEy V2 € WY,

W) = = [ ang e VE) V2 € WD), (24)
the problem (23) with ¢3¢ (y) = ¥ (Gux, (y)) can be transformed into
b(z/}g:j 2 =1(3), VEe W(Y). (25)

On W(Y) we consider the scalar product (v,w)y = [, Vv - Vwdy and associated norm
lvllw = ((v,v)w)Y2. For the sampling domain T centered at a given point z, and given a
parameter s, we define the energy norm

lv

1/2
cie = (000" = ([ aarat)Vel) Vo) (26)
and notice that from the ellipticity of the tensor it holds
1
[ollw < THUH&T&S' (27)

In what follows, it will be convenient to denote the micro FE space by S?(Kj j,N ) instead
of SY(Ks,,Tn) to emphasize on the dimension N of the micro FE space which in RB strategy
is required to be large. Analogously, the functions in S?(Y, ) are denoted using the subscript
N (e.g., Zx). The FE space S9(Y, V) has a (shape-regular) triangulation 7; with N = O(h~%)
denoting its number of DOF. Consider 1[);\/5 K; € S9(Y, ') the solution of the linear problem

BN ks 2n) = Lilew) Van € SUY,N), (28)

We notice using (2) that problem (28) has a unique solution.
For the convergence of the Newton method explained in Section 3.3 we will also need to
control the derivatives with respect to the parameter s of the cell functions sz‘j We assume?

seR - a(-,s) € (L(Q) is of class C*,
050 (, 8)€| < Agl€], Vs € R, ae. x € Q,VE € R (29)

2Tt is shown in [20, Rem. 3.3, Prop. 3.5] that the best constant Ao in (4) may differ from the one in (29).




Lemma 3.1. Assume that (2) and (29) hold. Consider the solution &kﬁKj of (28). Then,
the map s — @Zj\fKJ € H(Ty) is of class C' and satisfies

Ok, = Oiirs OV = VR, (30)

where we use the notation Os 1= % and for all (€ SIUY,N), we have

/Y o, s(YVOR 1, () - Vin(y)dy = — /Y 05z, s(VUN . (y) + &) - Vin(y)de.  (31)

Proof. This is a standard result for FEM problems depending smoothly on a parameter (see
e.g. Lemma 6.1 in [12] for details). O

Parametrized cell solution space. We consider a compact subspace D of 2 xR (the choice
of D is discussed in Sect.5). For any randomly chosen parameter (z,,s) € D, we define the
map G, from the physical sampling domain Ts5_ = x, + (—8/2,5/2)? centered at x, to the
reference domain Y = (—1/2,1/2)% and the index 7 of Ts_ will often be omitted in the notation
when this causes no ambiguity. We consider (28), (31) with a tensor a,, s(y) = a®(Gz, (y), ).
Next indexed by {(Ts, s, ey); (T5,s) € D and n = 1,--- ,d} 3, we define the parametrized cell
solution space MV (Y') ¢ W(Y)? given by

MN(Y) = {0, 0s63°7,): (Ts,s) € Dand p =1, -+, d}, (32)

where éX}STé € SUY,N), 8557\}‘9% € S1Y,N) are the solutions of (28),(31) associated with
the mapping G, and the Hilbert space W(Y') is defined in either (8) or (9). On the Hilbert
product space W (Y)? we define the norms

1/2 /2

(33)
The goal of the Greedy procedure described below is to find an N —dimensional subspace of
MN(Y), called Sy(Y), that minimizes the projection error of functions in M (Y") over other
choices of N —dimensional subspaces. We emphasize that the derivative functions 535}(}?%
involved in the definition (32) of M (Y") are considered only for the analysis, but should not
be computed explicitly in the implementation. Hence the solution of the online cell problem
(15) will involve the reduced basis space Sy (Y), defined as the first component of each couple
of functions in Sy (Y).

1(a, ) llwsow = iy + [lvl5y) and || (u,v)llexe 1y = (ullf 15 s + [V]E 15 5)

A posteriori error estimator. The procedure of selecting the representative cell solutions
in the offline stage is conducted by an a posteriori error estimator which allows to control the
accuracy of our output of interest (the numerically homogenized tensor) [37, 21].

Assume that the RB space of dimension I, denoted by S;(Y'), is available (its construction
will be detailed in Algorithm 3.4). Given the parameters (x, s,%), consider (EXZTS, ﬁsé}{iTé),
(éli”;é,@séli,’;é) the solutions of (28),(31) in S9(Y,N)? and S;(Y), respectively (i.e. with test
functions (zyr, (v) in S4(Y,N)? and S;(Y), respectively). We then consider

~1,S I £1,8
€Ty &1y — SNy (34)
O = O — 0ty (35)

3D should be chosen such that Ts C Q, for all (x,,s) € D.



We derive an a posteriori estimator for both é;"STé and O é;; that will be analyzed in Lemma

3.3. We have that
b(ér, 2n) = b(E g an) — Li(Bn), Van € SUY,N), (36)

where the right-hand side defines a linear form on S9(Y,N). Hence, by the Riesz theorem,
there exists a unique &, € S9(Y,\) such that

b(éy N = (€17 2w, Van € SU(Y,N). (37)
We then define the residual of the a posteriori error estimator as

e el 10587, Iw

Ay = ,
T s T Vs

where A\ p is an approximation of the coercivity constant A defined in (2). We notice that
the first term in (38) is the standard residual used for linear problems [36, 38]. The second
term arises from the nonlinearity of our problem and its control is needed to ensure the
uniqueness of the nonlinear RB-FE-HMM and the convergence of the Newton method used
in the implementation.

(38)

Remark 3.2. To compute éi’;{s in (38), we first observe that we need to solve (37), which
depends on the parameters (x;,s,1). Thanks to the affine representation of the tensor, (37)
can be decomposed into several parameter independent F'E problems that can be precomputed
before applying the Greedy procedure in the offline stage [36, 38] and hence Hé?:i}é”w is cheap

to compute. For evaluating 8565’;6 one can simply consider the finite difference approximation

z ,5+./eps éi’s

€1,T5 1T

/eps

where eps is the machine precision. This can be done by solving (37) twice with parameters s
and s + \/eps, respectively. In the analysis, we shall neglect the error of the above finite dif-
ference. The above finite difference introduces an small error of size O(,/eps) in the Jacobian
involved in the Newton method. We highlight that this does not affect neither the convergence
of the Newton method obtained in practice, nor the RB-FE-HMM solution accuracy which is
independent of the Jacobian approximation.

_1,S ~
aSlT5

The next lemma gives a bound for the a posteriori error in the output of interest in terms
of the norms (33). It is a generalization of the result [3, Lemma 3.3] in the context of linear
elliptic problems. These results are needed in our nonlinear context to control the microscopic
error in the macroscopic (nonlinear) solver.

Consider E;ST defined in (37) and the residual A;i}é defined in (38). Define

@y = [ ans) (Ven ) +e) - (VR0 +e)dn (39)
(@aamsDs = [ onale) (ViR 00+ e) - (V5,00 +e)dy (a0)
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Lemma 3.3. Assume (2) and (29). Let ({Aj\’}s’Té 0 gNT(;) and (5;7’;5,385;:;5) be the solution
of problem (28)-(31) in SU(Y,N)? and S;(Y), with test functions (zxr,(n) in SU(Y,N)? and
Si(Y), respectively. Assume that the approzimation A\pp of the coercivity constant satisfies
0 < A < A. Consider the quantities éi:;; and Gsé;:STE defined in (34). Then

AT,S ~1,8 A %,8
H(el:nvasel’Té)HSXS,T& <2+ Iy B)Al Ts» (41)
1/2 i, ) —1/2 —3/2
(201 + A2) I/ AL L < (@75, 05 ) lwsw < AL + Aadpy )ALy, (42)

A 7,8 S
(e, (5))es = (afry () + 101 1, () = Ol ()i < 3(1+ 2 Al AT (49

where A1, As are the constants in (29),(2) and || - s 18 the energy norm defined in (26).

Proof of Lemma 3.3. Taking Zy = éf’:}& in (37) and using (27) yields successively,

Hé;:;(; H€7T578 S A’IL ;5 (44)
1,8
AT,S 1,Ts
ey llw < VTS (45)

A consequence of (39),(40), and the symmetry of the tensor, is the identity

(a gy (27, 8))ij = (i 13 (27, 9))i

= [ oesl) (VEn, 0~ V€3, W) - (Ve ()~ VEL0)) i (40)
We deduce from the Cauchy-Schwarz inequality and (44),

[(aRez; (9))ig — (apmy ()] < AP, A7, (47)

Using Lemma 3.1, we obtain after differentiation of (37) with respect to the parameter s,

(0s elT AN W / Dsag, s VelT Vindy +/ g, sV (0s elT ) - Vindy, Viy € SUY,N).
%

(48)
We take 2y = 8sé§’;5 in (48) and we write
10555, 12,756 = (015, D5l Iw — /Y@s“wns@)%?:% () - V(@577 (1) dy.
We deduce from the Cauchy-Schwarz inequality and (27),(29),
105675, 12 75,6 < Auid 105805, IWNOSES, o1 s + Aslle]s, w95l
which gives, using (45),(27),
10s€177, lle 15,6 < (14 Aa/ALB)ALS, - (49)

The estimates (44) and (49) yield (41), and using in addition (27) proves the upper bound in
(42). Next, taking 2y = €7, in (37) using the Cauchy-Schwarz inequality yields HelT llw <

11



Av]|éy5, [, while taking 2y = 9s€)5, in (48) yields 105873, llw < A2llépT, lw + Al|0séy T, -
We obtain Aj < Az > (A1 +A2)[|&75, [lw+ AL g *A1[[0€)7%, |l which yields the lower bound

in (42). We finally prove (43). Differentiating the equality (46) and using (48) with Zy = é{ ;
we obtain (using the Cauchy-Schwarz inequality)

(050 1, (27, 5))ij — (Dsap gy (7, 5))is|

< 3halleyg W el s, Iw + 10587, Iwllel g, llw + 10se] 7, Iwllérz, lw

A i,8 7,8
(3/\LB + 2) A AT
where we used (45) and the definition (38) in the last inequality. Finally, using (47) concludes
the proof. 0

Offline algorithm. We now state step by step the offline stage of the RB algorithm. In
the offline stage, we select by a Greedy algorithm N triples of the form (7}, ,s,7,), where
(T5,,, s) belongs to a given compact D C §2 x R (since the range of the parameter s can only
be obtained when the macro solution u"f# is computed, we propose in Sect. 5 an ad hoc
method to find an a priori range of s) and 7, corresponds to the unit vector e, belonging
to the canonical basis of R%. Corresponding to the N triples of (T, ,s,mn), we compute
5}(7’% , the solution of (28) with a tensor given by as, s(y) (¢, is the barycenter of Tj, )
and a right-hand side given by [, (). The complete offline algorithm stated below is based
on the usual procedure of the RB methodology (see [37, 38]). Notice that in the case of a
linear elliptic problem (i.e. a®(x, s) independent of s), it coincides with the Greedy procedure
proposed in [3].

Algorithm 3.4 (Greedy procedure). Given the mazimum basis number Nrp and a stopping
tolerance tolrp:

1. Choose randomly (by a Monte Carlo method) Niyqin parameters (Ts, , sp) € D. Define the
“training set” Egp = (Ts,, SnyMn); 1 < mp < d, 1 < n < Nipgin } 4

2. Select randomly (Ts,, s1,m1) € Zrp and compute &7 "1’51 , the solution of (28) with right-hand
side L, (+) in SUY,N), corresponding to the selected parameter (Ts,,s1,m). Setl =1 and de-

& ;1 (v)

fine &1 x(y) = W’ and the corresponding RB space S1(Y) = span{(}} 771’81 0 f}(}% )}

3. FO’I“ZZQ,...,NRB
a. Compute for each (Ts,s,n) € Erp the residual A"’ 1, defined in (38) and select the
next reduced basis by choosing
(T5la Si, 77l) = argmax(Tg,s,n)EERB A’[m 1,Ts>

provided that® max 7y ) (A7;817T6)2 > tolpp, otherwise the algorithm ends.

€ERB
b. Compute 5"”51 the solution of (28) in SU(Y,N) corresponding to the selected param-

eters (Ty,, sl,m). Enlarge the RB space: S;(Y) = S;_1(Y) @ span{(& X’/% , Os fﬂl[’% )}
Setl =141 and go back to a.

4 Nirain should be large enough to ensure that the results of the Greedy algorithm are stable with respect
to other choices of training sets.
Notice that the error of the outputs of interest scale like the square of the error of the cell functions (43).

12



We emphasize once again that the derivative functions 855}1}";56 involved in Algorithm 3.4 do

not need to be computed in the implementation and shall be considered only in the analysis.
Thanks to Remark 3.2 for the a posteriori error estimator evaluation, as output of the Greedy
algorithm, it is sufficient to compute only the list of functions él, AN,l=1,..., N that span the
space Sy (Y) := spcm{él’ N N} These RB functions are obtained by orthogonalizing
in W(Y) the functions f}(}%l ,l=1,...,N and they are defined as

-1
where Ry(y) := 5}7\}’%1 (y) — Z( Xl/:?al’gmvN)me’N'

m=1

- o Ri(y)
é.l,./\/’(y) . ”RZHW’

Remark 3.5. Notice that we choose to orthogonalize the RB in W(Y') with respect to the
scalar product (-,-)yy rather than the RB in W (Y)? with respect to the scalar product (-, )2
associated to the norm || - |lw2 in (33) (as normally expected in the usual RB methodol-
ogy) because this is more convenient in the implementation (avoiding the computation of

855/7(}’7%1). Since MaxX(ry s n)e=pp (A?;(S) decays exponentially as | increases (under the as-

sumptions of Theorem 4.3, a slight variation of the result in [22, Corollary 4.1] and [19]), we

have 5}7\[/%[ ¢ Si—1 and thus ||Ri||yw # 0 and the above orthogonalization procedure succeeds.

4 Analysis of the RB-FE-HMM

In this section we first derive a priori error estimates for the RB-FE-HMM. We then show the
uniqueness of the numerical approximation which is based on the convergence of the Newton
method.

4.1 A priori error analysis

We introduce the following quantity to measure the error between the tensor a” of the ho-
mogenized problem (3) and the numerical homogenized tensor a?m K; in (17).

LRE( (W (@) . (50)

xKJ)) - a?\/K

THMM = Sup ||a0($Kj7u K

KeTy ,ij cK

where for a given d x d tenser A, we denote ||A|lr = />, |Ann|? its Frobenius norm.

Theorem 4.1. Consider u® the solution of problem (3). Let £ > 1 and u =0 or 1. Consider
a quasi-uniform macro mesh and quadrature formulas satisfying (Q1), (Q2). Assume

e HYY Q) nwhe(Q),  db, e WHRRQ X R), Vm,n=1...d.

Assume further that (2),(4),(7) hold and that 8,42, € W1 (2 x R), and that the coefficients
al . (x,s) are twice differentiable with respect to s, with the first and second order derivatives
continuous and bounded on Q x R, for all m,n =1...d. Then, there exist ro > 0 and Hy > 0
such that, provided

H S Ho and THMM S T0, (51)

any solution uHBB of (13) satisfies
< C(H'+rgum) ifp=0,1
[u® = "B 2y < CH™ +ramm) if p=1,

where C' is independent of H,h, N, N, ¢.

[u” = u B[ 1

13



Proof. We apply Lemma 7.1 (a result from [12] stated in the Appendix) with a(zk;,s) =
a?vij (s) and @ = uEB, O

We next have to quantify the error rgyyas defined in (50) which can be decomposed as
rgamMMm < rvop + Tmic + TR, i.e. with the modeling, micro, and RB errors, respectively.
These quantities are defined by

rMOD = sup | (z ey, TP (2g,)) — @ (g, T (2 k) | F, (52)
KETH,IK].GK
rmMIiCc = sup HEO(‘IKJWUH’RB(‘TKJ‘)) - a’?\/',Kj (UH7RB(3"KJ'))HF7 (53)
KETH,JJK]. eK
H,RB H,RB
TRB = sup lafy k, (w1 (2k)) — ay g, (uH T (@) g, (54)

KETH,xK]. eK

where @%(zx;, s) is defined as
@ (zk;, )ik = / a*(zk,, s)(V@(SJ () +e)- (Vq/?];(j(x) + eg)dx

Ks;,

and zﬁ}(‘j is the solution of the follow problem
/ a®(rk;, S)VJJ?], (x) - Vz(z)dr = —/ a*(rk,,s)e; - Vz(z)dr, Yz € W(Ks,).
K, Ks,

To estimate the quantities ryr7c and ryrop, we make the following smoothness and struc-
ture assumptions on the tensor:

(H1) Given the degree q of the micro FE space SY(Kj;,Tp), the cell functions w}i solution
of (23) satisfy the bound lwk‘j\Hﬁl(KJ) < Ce™4,/|Ks,|, with C' independent of ¢, the
J

quadrature point x;, the domain Kj,, and the parameter s for all i =1...d.

(H2) for all m,n = 1,...,d, we assume a5,,(z,s) = amn(x,2/e,s), where amn(z,y,s) is y-
periodic in Y, and the map (z,s) — amn(x,-,s) is Lipschitz continuous and bounded
from © x R into Wpléﬁo(Y).

We next discuss the reduced basis error. Consider the space M (Y) as defined in (32).
We want to quantify how well MY (Y)) can be approximated by the linear space Sy(Y) of
dimension N. Such a quantification relies on the notion Kolmogorov N-width.

Definition 4.2. Let F be a subset of a Banach space X. We denote the distance of X to
any generic N—dimensional subspace Xy of X by

E(F;Xy) =sup inf |z —y|w.
rEF YEXN
The minimal error E(F; Xy) is given by the Kolmogorov N-width of F in X
dy(F, X) =inf{E(F; Xn) : Xy a N—dimensional subspace of X}.

We say that F has an exponentially small Kolmogorov N-width if there exists constants
C,r > 0 independent of N such that

dy(F,X) < Ce ™V, (55)
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In [22, Corollary 4.1] and [19], it is shown, for a class of symmetric linear uniformly coercive
elliptic problems with continuity bound A and coercivity constant A, that if the parametrized
space of the RB algorithm has an exponentially small N—width (55) with constant

r > log(l + (A/)\LB)\/ A/)\),

where 0 < Arp < A is an estimate of the coercivity bound, then the RB algorithm converges
exponentially fast with respect to the dimension N of the RB space. Such assumption (55) is
motivated by [33] where it is proved in the special case of one-dimensional parameter linear
elliptic problems. A ‘

Notice that problem (28)-(31) with solution (1[1}\/8 K 351/35\’/8, K,;) € W (Y')? is not coercive due
to the nonlinearity of the tensor. Nevertheless, problem (28)-(31) still satisfies the following
Céa inequality (see Lemma 7.3 in the Appendix) in the Hilbert space W(Y)? with norm
defined in (33),

IG5 005 1) = G 058V wow < Co_inl 165 s, 005 1) = =l (56)
z€8]

where we consider the solution (@;;1,831%;(]) of (28)-(31) in the space S;(Y) (i.e. taking
test functions (2;,(;) € S;(Y)). The above constant is given by

Co—\/‘/i\l<3+8/<§> (57)

where A, A1, Ap are the coercivity and continuity bounds (2),(29). In addition, recall the a
posteriori estimate (42) of the form CiowA] 7, < [[(€/7,, 05¢)7, ) [wxw < Cupd] 7y, With

Clow = 2A1 + M) AV, Cup =20 + Ao (58)

We obtain the following result which states that the reduced basis method converges expo-
nentially. This is a slight adaptation of the result in [22, Corollary 4.1] and [19].

Theorem 4.3. In addition to (2) and (29), assume that the parametrized cell solution space
MN in (32) has an exponentially small Kolmogorov N -width,

Adn(MN W) < Ce™™, with 1 > 10g((1 4 Cup/Ciow)Co), (59)

with constants in (56),(58). Then, there exists constants ¢,k > 0 independent of N such that

0% K, = 0N g, I < ce™™N, 100, — stn? g llw < ce™™ (60)

Jor all K € Ty and all vk; € K, where Qﬁj\f& and @j\f&_ are the solutions of the cell problem

(28) in SUY,N) and Sy(Y), respectively, with corresponding test functions 2y € SUY,N)
and zZy € Sy(Y).

Proof. Inspecting the proof of [22, Corollary 4.1] reveals that the coercivity of the problem
is not needed and the Céa inequality (56) is sufficient to obtain the exponential convergence
(60) of the RB algorithm using the RB space Sx(Y) constructed in the Greedy algorithm
3.4. In view of Lemma 3.3, we thus deduce Theorem 4.3 from [22, Corollary 4.1] applied to
the augmented problem (28)-(31). O
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Theorem 4.4. Consider u® the solution of problem (3), and u™RE the solution of (13). In
addition to the assumptions of Theorem 4.1, assume that uH’RB(xK].) is uniformly bounded
for all K € Ty, zk; € K. Assume further (H1), (H2), and (59). Then, there exist Hy > 0
and ro > 0 such at if H < Hg, h/e < rg, and ce™*N < rq then for p = 0,1,

C(H" " 4 (B)24 4 §) 4 rpp, if W =W, and §/c €N,
if W = Wp,, /e € N,
o HmRB| - tin L (A2 and  a®(x,s) 18 re-
Ju” =" | gr-n) < § C(H" + (£)%) + rpp, placed by  alzx,, %, s)
n (21),(14),(15),(23),
([ C(H™ + (820 45+ 5) +rpp, f W =H} (0> ¢),

where rrp < A1(ce™™N)2 with Ay given in (2). We also assume § < rg or 6 +¢/6 < rg in
the first and third cases, respectively. We use the notation H(Q) = L?(2). The constants C

are independent of H,h,e,6, N,N .

Proof. In view of Theorem 4.1, we estimate rgyps. Using (H1), the estimate rps7¢
C(h/e)* follows from [1] (see also [2]). Using (H2), the estimates ry;op = 0, and ry0p
Cd, rvop < C(6 + €/6) follow respectively from [8, 28]. Finally, the estimate rrp
A1 (ce™"N)?2 follows from (60) and the identity (46).

LTIAIAIA

4.2 Uniqueness of the RB-FE-HMM solution and the Newton method

Consider the derivatives with respect to s of the exact and numerical homogenized tensors
in (3) and (17). We define

0
Osa” (vk;,u

P = sw | B (316,)) = Ol i, (R i) - (61)

KETH,ij eK

The proof of the uniqueness of the RB-FE-HMM solution relies on the following result
which is an adaptation of Lemma 4.11 in [12].

Theorem 4.5. Assume that the hypotheses of Theorem 4.1 and (59) hold. Then, there exist
positive constants Hy,rg such that if

H < Hy and H ™ 2y + v < To (62)
then the solution u"FB of (13) is unique.

The proof of Theorem 4.5 relies on the convergence of the Newton method stated in the
following lemma.

Lemma 4.6. Assume that the hypotheses of Theorem 4.5 hold. Let u"®B be a solution of
(13). Then, there exist Hy,ro,v > 0, such that provided a smallness assumption of the form
(62), for all ull € S§(Q, Ty) satisfying

o lug = u | gy < v, (63)

the sequence {uj!} of the Newton method (20) with initial value uf is well defined and ||uf, | —
UH7RBHH1(Q) < C’JH||uleI—QHT1ERB||]2L11(Q)7 where C' is a constant independent of H, h,k,N', N, e.
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Proof. We apply Lemma 7.2 (a result from [12] stated in the Appendix) with a(zk;,s) =
a?vij (s) and @ = uEB, O

Proof of Theorem 4.5. The proof is an immediate consequence of Lemma 4.6, where given

two numerical solutions w28 gHRE of (13), we apply the Newton method with the initial

guess ull := @B, The smallness assumption (62) together with the H' a priori error
estimate of Theorem 4.1 permits to satisfy the condition (63). O

For the estimation of 7;,,,, in (61), we consider the decomposition

/ / / !
"avy < "vmop + Twmic + TrRB

where 7,6, Thi10» Trp are defined similarly to (52),(53),(54), respectively, with the excep-
tion that all the tensors are differentiated with respect to the s parameter. Hence hypotheses
analogous to (H1) and (H2) but for 851/1}’5 and 0sas,, (x, s), respectively, are needed. Fol-
lowing [9], the quantities 7,5 p, 77 satisfy analogous estimates to those of ryop, rvrc.
It remains to estimate

H,RB( H.RB(

Ty = sup ’ GSCL?\LKJ, (u QUKJ)) — 8Sa9v,Kj (u a:K]))H

KETH@Kj eK F .
This is done in the following lemma.

Lemma 4.7. Assume that the hypotheses of Theorem 4.4 hold with a periodic coupling with
§ =e. Assume further (29), and (59). Then, there exist constants ¢,k > 0 such that

rep < (2A1 + Ag)(ce V)2,
Proof. Differentiating (46) with respect to s and using Theorem 4.3 conclude the proof. [J

Remark 4.8. Notice that a similar a posteriori estimator as used here in the offline stage
to control rrp and r'p could be used to define a RB-FE-HMM for linear parabolic multiscale
problems with a time-dependent tensor of the form %(m, t) =V -(a*(z,t)Vu(z,t)) + f(x,1)
as analysed in [10]. In this case, the micro problems would be parametrized by the location of
the cell problem in the domain €2 and the time variable of the tensor af.

5 Implementation issues

We give in this section details on an efficient implementation of the offline and online proce-
dures of the proposed RB-FE-HMM.
5.1 Offline procedure

Output of the offline procedure. The output of the offline procedure is the RB space
(10). Rather than storing the reduced basis functions, using the affine representation (22)
described above, it is sufficient to compute the following matrices and vectors

(Ag)m = /Y a9(y)Véan () - Ve ()dy,  (Fy)m = /Y ag(y)ei - Vémn(y)dy.  (64)
We emphasize that the offline stage is only operated once and the output of the offline stage

can be repeatedly used for the online stage computations independently of the chosen online
solver.
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Remark 5.1. Taking advantage that the a posteriori error estimator (38) can be efficiently
computed (see Remark 3.2), it could be used in the online stage to refine the reduced basis
and treat new input data. The storage of low dimensional precomputed stiffness matrices in
addition to (64) would be needed in this case.

Preprocess of the offline stage. In Algorithm 3.4, we assume that the value of the
solution u!?(x,) at the quadrature point x, lies in a bounded real interval for each 7 in the
training set. But the range of v can only be known once the macro solution is computed
due to the nonlinearity of the problem. One possibility to address this issue is to map R into
a bounded interval. However, our numerical tests indicate that this approach fails in general
unless an unreasonably large training set is used. Therefore, we propose to use an empirical
algorithm to get an a priori guess of the solution range, motivated by the following classical
result [31, Chapter 1.6].

Lemma 5.2. (Voigt-Reiss’ inequality) Assume ay, s(y) to be symmetric, uniformly elliptic
and bounded for Va, € Q,Vs € R and Vy € Y. Then we have

( /Y o) dy) " < e, s) < /Y o (y)dy, (65)

where a°(x,, s) is the exact homogenized tensor defined in (5).

We then apply the following procedure: we first solve (3) replacing the homogenized tensor
a’(zr, s) alternatively with ([, axﬁs(y)_laly)_1 and [y az, s(y)dy. We then set a maximum
range (u%°? 40UP) by taking the minimum and maximum values of the two solutions obtained
from the first step. In the end, we consider the range of parameter s to be (121" —a, u%* + )
enlarged by +a (a safety factor of about 10%).

5.2 Online procedure

We describe here how the online stage of the RB-FE-HMM can be efficiently implemented.

Fast solution of micro problems. Owing to the affine form (22) of the tensor af, the
problem (15) amounts to solving an N x N linear system (recall that N, the number of RB

H
functions, is small). Indeed, writing U;)V I(éKj) - vllznj(x) = ZnN:1 anén,K; (), we observe that
(15) reads

N
o af(z, v (zk, nic () -V k. (z)dz
> /K (w,u (21¢,)) Ven i, () - Vm i, ()

n=1 b
d H 8vﬁnj
_ _Z/ o (a,u (210, ))e; - Vem i (x)de 1 (66)
i=1 Y Ks; ’ ’ O

for all m = 1,... N. Next, again thanks to the affine representation of the tensor (here we
are assuming the representation (22) for simplicity), (66) can be written as

N P
> an Y O(e (@) [ ) Vnnt) - iy
n=1 p=1
d - H o 80{;[11 1
- _ Z Z Op(zk,,u” (zK;)) /Y ap(y)e; - vgmN(y)dyWiﬂ, (67)

i=1 p=1
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or equivalently

P d P ’ avl]zn'
(- Ol (ere ) Ap)er = = 3~ (3 Oplarcy,u (eae V) 50 (689)
p=1 i=1 p=1 ¢

where the N x N matrices A,, p = 1,..., P and the vectors F;; eERN, p=1,...,P, i =
1,...,d are defined by (64).

We emphasize that the matrices A, and the vectors F;; are assembled and stored in the
offline stage, thus (68) amounts just in building the linear combination by evaluating ©,(, -)
at the desired parameter (7, ul (z k;)) for the tensor a,, s(y) and solving the N x N system
(68) for each micro function at the quadrature points needed to assemble (14).

Newton method implementation. We consider a sequence of {uf'} in S§(€, Ty) and
express each function in the FE basis of S§(2, Tx) as ull =Y 1meero UigH . We further denote
Up = (UL,..., Ué\/l’”“"")T. The Newton method (20) can be written out in terms of matrices

(B(uf!) + B'(uf)) (Upt1 — Uy) = —B(uf ) Uy, + F, (69)

where B(ull), B'(ull) are the stiffness matrices associated to the bilinear forms By (z!;-, ),
Bl (215 -)) defined in (14) and (19), respectively. Here, F is a vector associated to the source
term (13), which also contains the boundary data if for instance general Dirichlet or Neumann
boundary conditions are considered.

Stiffness matrices. Following the implementation in [7] we consider for each element K €
T the FE basis functions {(b%l K associated with this element and the local contribution

Bk (ufl) to the stiffness matrix (BK(“kH))ZE:l = Z;.le(BK,j (ukH))ggzl with
H\\ng WEK; c H h,zH(xK].) h,zH(ij)
(B j(uy; ) as(z,z; (k) )Veeg,, () - Veog 7 (x)dz,  (70)

pi=l = TRy, | i,

h:ZH(l'K-) h:ZH(l'K-) . . H H . .
where ¢ K;p o Ki.q 7" are the solutions of (15) constrained by ¢ Kp PK o linearized at

TK;, respectively.

Similarly to the FE-HMM implementation [12], we see by differentiating (70) that the
stiffness matrix B'(U) in (69) associated to the non-symmetric form B (z%;-,-) defined in
(19) is given by the sum of J products of nx X nx matrices

Bie(uf) = 3 (2 (Brs(s)

Jj=1

) (Uier (6t (wxe), - 0 ()

s=zH (acKj )

where the column vector Uk j, of size nk gives the components of ZH in the basis {d)% K

of the macro element K € 7. Here, the derivative with respect to s of the nx X ngx matrix

. Bk,j(s+y/eps)—Bk, ;(s)
~ /eps )

where eps is the machine precision. Therefore, the cost of computing the stiffness matrices
for both B(uf’) and B’(ufl) is about twice the cost of computing the stiffness matrix B(u}!)
alone.

By j(s) can be simply approximated by the finite difference % (Bkj(s))
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6 Numerical experiments

This section is dedicated to the numerical illustration of the theoretical results in Sect. 4 and
the performances of the proposed RB-FE-HMM compared to the FE-HMM. All computations
are performed in Matlab on the same machine (single thread computation). We first consider
a simple illustrative example and then the stationary Richards problem which has a nonaffine
tensor.

Numerical evaluation of the errors.  Let u’’ be the numerical solution and u"¢/ be a
reference solution (for the effective problem (1)) computed on a fine triangulation 7, of Q.

The errors ¢/ — uf in the H' and L? norms are estimated by
4 1/2
- H
e = N (S0 S ol (e — ur (e, ) P)
KeTy, j=1
! 1/2
e = HUTEfHI_{ll(Q)( Z Zij|VuH(sz) — Vuref(ZKj)|2) :
KeT, j=1

where {sz,p Kj} denotes the quadrature formula on the fine triangulation 7.

Macro FEM and quadrature formulas used in the examples. In the following exam-
ples, when using P1 triangular (tetrahedral) elements for the macro problems, we choose the
barycenter of the element as single quadrature point and the weight © = |K |. When we use
P2 triangular elements for the macro problems, we choose the Gauss three points quadrature
formula with barycentric coordinates (1/6,1/6,2/3) and weights &; = |K|/3, i = 1,2,3.
CPU time notations. In the following text, we use t%fglme to denote the CPU time of
the RB-FE-HMM offline stage that constructs the RB space and t%jéme for the CPU time
of the RB-FE-HMM online stage that solves the homogenized equation with the unknown
data recovered by the cell solutions in the RB space. We denote the total CPU time of the
RB-FE-HMM ¢fgtal .= t%f éc lme—i—t%jéme. In the comparison test, we use t Fr_ gasar to represent
the FE-HMM CPU time. All CPU times are expressed in seconds.

6.1 A simple illustrative example

We consider the model problem (1) in © = [0,1]2 with f = 50e(@1=02*+(@2-03)* " 4nd the
following mixed boundary conditions,

uf(x) = 203 (2 — 1)2 + 323 (22 — 1)+ 1 on {z; =0} U {z; =1},

n-(a°(z,u(z))Vu(z)) =0 on {zeg =0} U {ze = 1}. (71)
Consider a diagonal multiscale tensor with the following affine expression ©
ac(z,8)11 = (2% +0.2) + (2o sin(sm) + 2)(sin(27r%) +2),

a(x,s)as = (84_116x2 +0.05) + (z122 + 1)(sin(27r%) +2). (72)

5Recall that since the RB-FE-HMM computes the solution of the effective problem as ¢ — 0, the actual
value of ¢ is not needed in the algorithm.
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Using the homogenization theory [31], the corresponding homogenized tensor is also diagonal
with entries given by the harmonic averages

ag; = (/ a(z,y;s) 'dy) ', i =1,2. (73)
Y

Offline stage. In the offline stage, we set the parameter space to be D = ); x U, where ;
is a closed subset of 2 such that Ty = z, + [~6/2,5/2]? C Q for all 7 € ©;, and U is a closed
bounded interval of R (an estimation of the range for u%). In order to obtain U, motivated
by Lemma 5.2, we first solve (1) on a coarse 8 x 8 macro mesh by replacing the homogenized
tensor respectively with the arithmetic and harmonic averages of the multiscale tensor. The
ranges of the corresponding solutions are shown in Table 1 and we choose U = [0.9, 3.66]
adding a safety correction.

Table 1: A priori estimate for the solution range. Mesh size = 8 x 8.

tensor type solution range
fY a(z,y; s 1, 3.14]
(fy alz,y;s 1dy) ! 1, 3.56]

For the RB offline stage, we propose in Sect. 3.4 a new a posteriori error estimator (38)
in order to guarantee the convergence of the Newton method. We will also check the com-
putational overhead of this new estimator compared to the (standard) a posteriori estimator

N oA

T s

used for linear problems [3]. The offline parameters are collected in Table 2

We observe in Table 3 that our new a posteriori error estimator (38) yields a reduced
basis with only one additional function compared to the classical error estimator (74) where
8 basis functions are obtained.

(74)

Online stage: convergence rates for the P1 and P2 RB-FE-HMM. Using the
computed offline output (obtained by via A; 7, as the offline estimator), we consider a P1
FEM and a P2 FEM for the online stage. The reference solution u"¢f ~ u? is obtained using
the P2 FEM with a 1024 x 1024 uniform mesh.

By the a priori estimates of Theorems 4.1-4.4 and the mesh size used for the offline
computation, we have the bound A12,T5 = O(tolrg) ~ 10710 for rpp and rarc ~ 1077, As we
choose sampling domains with size § = € with periodic boundary condition we have rp;op = 0
and we expect 7 ~ 1077, We observe in Fig. 1 (a) that for the P1 RB-FE-HMM as the

Table 2: Offline parameters

Parameter space | [0,1]? x [0.9, 3.66] Table 3: A posteriori estimators

Training set size 4400 Aty | Ay
Solver P1 FEM RB space dimension 9 8
Mesh 1500 x 1500 191 5tme 1300 | 1100
tol RB le-10
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(a) P1 RB-FE-HMM (b) P2 RB-FE-HMM
Figure 1: Test problem (1)-(71)-(72). The errors ||uH’RB—u7”efHL2(Q) and ||uH7RB—u7”ef||H1(Q)
versus Npsac = 1/H for the P1 RB-FE-HMM and the P2 RB-FE-HMM, respectively.

macro mesh is refined, ||ufl"fB — urefHHl(Q) decays as O(N,; ) and [uflFB — uTefHL2(Q)

decays as O(N, ). For the P2 RB-FE-HMM, the decays become O(N; /) and O(N ;2 ),
respectively, which can be seen in Fig.1 (b). Since N z\_41AC ~ H is related to the macro mesh
size, this confirms the theoretical a priori error estimate, and shows that we have great
flexibility to choose different macro solvers with guaranteed accuracy.

RB-FE-HMM v.s FE-HMM. In this test, we compare the efficiency and accuracy be-
tween the P1 RB-FE-HMM and the P1 FE-HMM. For the P1 FE-HMM, we set Nyjc =
Nyac for each refinement step (L? refinement strategy), where Nyjac and Nysjc are the
numbers of macro and micro DOF in one space direction, respectively. We can see in Table 4
that the H' and L? errors for the two methods decay with the same rates which is consistent
with the a priori estimates. However, the RB-FE-HMM has a considerably reduced computa-
tional cost for fine meshes (up to two orders of magnitude in this example). Next we present

Table 4: Comparison between the RB-FE-HMM and the FE-HMM.

RB-FE-HMM FE-HMM
DOF H' error | L? error t%}?”e H' error | L? error | trp_mumm
5x5h 0.3727 0.0471 0.08 0.3724 0.0481 0.26
9x9 0.2086 0.0176 0.23 0.2082 0.0167 1.59
17 x 17 0.1053 0.0058 0.90 0.1052 0.0056 11.49
33 x 33 0.0632 0.0013 3.82 0.0631 0.0012 160.20
65 x 65 0.0316 | 3.15e-04 | 19.83 0.0316 | 3.03e-04 2802.68
129 x 129 0.0159 | 7.89e-05 | 146.75 0.0159 | 7.61e-05 | 49260.89

in Table 5 a comparison that takes into account the computational overhead from the offline
stage for the RB-FE-HMM (as presented in Table 3 we have tORchlme = 1300 seconds). We see
that the FE-HMM is still significantly more expensive except for coarse macroscopic meshes.
This indicates that even for one computation, the RB-FE-HMM can provide an important
computational speed-up.
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Table 5: CPU time comparison between the RB-FE-HMM (t%in¢ and t%9%!) and the FE-
HMM (tFE—HMM)‘

DOF toline tpp_mvn | tRS S trp—
33 x 33 2.38% 813.87%
65 X 65 0.69% 47%
129 x 129 0.3% 2.9%

6.2 Stationary Richards problem

We consider the stationary Richards equation for describing the fluid pressure in an unsatu-
rated porous media

~V - (K®(z,u*(2))V(u®(z) — 22) = f(z) in [0,1]*. (75)
with a nonlinear permeability tensor K°(s) similar to the one in [23, Sect. 5.1] written as

0.005

K (z,s) = (20005 (-2-02)%a%(@) —03)2+ 23 +2)1, of(z) = :
(z,s) = (200a%e + (21 )"+ 22+ 2L, o (z) 24+ 1.8sin(27%2 — 67LL)

Notice that this problem can be cast in the form (1) by using the change of variable v¢(z) =
uf(x) —xo. Weset f =1 and consider Dirichlet conditions on the top boundary of the domain
and Neumann conditions on the rest of boundaries, that is

uf(z) =1—1.92%, on [0,1] x {1},
n- (K*(z,u*(z))V(u®(z) — 22)) =0, on [0,1] x {0} U{0,1} x [0,1].

Offline stage. The parameters are given in Table 6. Similarly as explained for the previous
example, we determine an a priori range for the homogenized solution U = [0.9,3.93]. As
the permeability tensor K¢ does not have an affine representation (22), we need to apply the
EIM, which introduces another error term rgyas in 7garas, as discussed in [3] (this term can
be controlled by the prescribed tolerance tolgrys [16]).

Table 6: EIM and RB offline settings and output for the nonaffine test problem (75).

Parameter space | [0,1]? x [-3.1, —0.8]
Training set size 4400
Mesh 1000 x 1000
tolpr le-6
EIM basis number 5
EIM CPU time 550.19
tol RB 1le-9
Solver P1-FEM
RB Basis number 4
9] Jtine 912.73
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Figure 2: Richards stationary problem (75). The RB-FE-HMM solution and the FE-HMM
solution on a 65 x 65 macro mesh.

Online stage. We plot in Fig. 2 the online solution u/"*% on a uniform 65 x 65 macro

mesh for the P1 RB-FE-HMM (left picture) and the FE-HMM (right picture). We observe
that the two solutions are very similar as expected.

We notice that the range of u"#8 is [-2.9, —1] which safely lies in our a priori range
[—3.1, —0.8]. Therefore, the offline output can be successfully used for the online computation.
In Table 7, we present the errors of the Newton method iterations and the corresponding
online CPU times. Due to the quadratic convergence rate of the Newton method, only four
iterations are needed in all considered cases to reach the machine precision.

Table 7: Richards stationary problem (75). Online CPU times and Newton iteration errors
for the RB-FE-HMM.

DOF tOR”éme Iteration 1 err | Iteration 2 err | Iteration 3 err | Iteration 4 err
5x5h 0.15 2.78 0.0053 4.87e-8 1.78e-15
9x9 0.2 2.80 0.0047 5.76e-8 5.77e-15
17 x 17 0.8 2.81 0.0046 5.78-8 1.46e-14
33 x 33 3.13 2.82 0.0045 5.71e-8 1.42e-14
65 x 65 14.72 2.82 0.0045 5.70e-8 3.02e-14
129 x 129 | 55.56 2.82 0.0045 5.70e-8 4.39e-14

As predicted by our analysis, the convergence of the Newton method is insured by the
offline procedure involving the new a posteriori error estimator. The above numerical test
shows that the nonlinear RB-FE-HMM can be also efficiently applied to the problems with
tensors written in nonaffine forms, which largely broadens the applicable range of this method.

7 Appendix

The proof of Theorem 4.1 relies on the following lemma taken from [12] and based on the
analysis for standard FEM with numerical quadrature from [11]. It is a reformulation of the
statement of Theorem 3.1 in [12], its proof is thus omitted.

Lemma 7.1. Consider u° the solution of problem (3). Assume the assumptions of Theorem
4.1. Then, there exist ro > 0 and Hy > 0 such that, for all tensors a(x,s) satisfying (4), (2)
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and continuous on Q x R, for all H < Hy, and for all solutions @ of the nonlinear FEM
problem

J
> el )Vl (o) Vol (ox) = [ feu@)de, Vol € SHRTa),
KeTy j=1 Q
(76)
provided
Qn = sup Ha(xKJauH(xK])) _ao(ijauH(ij))HF < ro,
KGTH,ij cK
we have the HY and L? error estimates
[u® — @™ gy < CH'+Qm) ifn=0,1
[’ — @2 < CH™ +Qum) ifp=1,

where C' is independent of H, Qy and the tensor a.

The proof of Theorem 4.5 relies on the following result which is a reformulation of Lemma
4.11 in [12].

Lemma 7.2. Assume that the hypotheses of Lemma 7.1 hold. Assume further that a(x,s)
18 twice continuously differentiable with respect to s with derivatives continuous and bounded
on Q x R. Then, there exists Hy, Ro,v > 0, such that for

QH < H < H07 Q/fl = sup }}asé(ij)uH(xKJ)) - asao(‘rKjqu(ij))HF < ROa
KGTH,:EK].EK

for all W solution of 7.1 and for all for all ull € S§(Q, Ty) satisfying
opllug’ — @ ) < v,

the sequence {ufl} of the Newton method (20) applied to the problem (76) with initial value

ufl is well defined and |jufl , — ﬁHHH1(Q) < Coyllufl — ﬂHHﬁql(Q), where C' is a constant

independent of H, h, k.

Finally, for the proof of Theorem 4.3, we need to prove the Céa inequality (56) for the
problem (28)-(31).

Lemma 7.3. Assume (2) and (29). Then (56) holds with constant Cy in (57).

Proof. We denote é = @Ejvﬁs K~ 1[1;;(] and 0sé = 851%\’/5’ K~ 851/};;] Considering the problem
(28)-(31) with test functions in S¢(Y, N')? and S;(Y'), respectively, and subtracting, we deduce
for all (z,¢;) € Sy,

b(asév &l) = _/Y asaarKj,s<y)Vé(y> ’ véldya (77)
where the symmetric bilinear form b(-, ) is defined in (24). Using
b(058,058) = b(0s8, 07 e, — G1) + b(Dse, Gt — Dsty’ic, ),
we obtain from the Cauchy-Schwarz inequality and (77),(29),

b(Dsé,05€) < (D8, 058)"/*b(Ds6 — G, Ds& — Q)M* + Aaléllw (105037 1, — Gllw + [195€][w)-
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We deduce from the Young inequality and (2),

N9sly < b(D:e, 0:) < a0 e, — Glly + 282l lwlOiE &, — Gllw + 2AallellwlD:lw
Using again the Young inequality yields

o a2 2/ Yirs 2 A3\ 12
1(&, 8s€) [ < (1 + T)Has o, — Sllw + (1 + V)HGHW-
Finally, the application of the Céa lemma to (28) yields |||y < 4/ % inf, cg,(v) H%\}SKJ —z1|lw
which permits to conclude the proof.

8 Conclusion

We have extended and analyzed a reduced basis finite element multiscale method for a class
of quasilinear elliptic problems of nonmonotone type. Our analysis relies on a new a poste-
riori estimator for the offline stage that allows to control the error coming from the greedy
algorithm in a nonlinear context. Fully discrete a priori error estimates are derived in both
the L? and the H!' norm, taking into account the error originating from the macroscopic and
microscopic meshes, from the reduced basis algorithm, and from the possible mismatch with
the true micro problems originating from the microscopic boundary conditions and the sam-
pling domain sizes. We show that the use of reduced order modeling techniques for nonlinear
multiscale problems allow to considerably improve the efficiency of the nonlinear FE-HMM
previously derived in [12] while maintaining its accuracy and convergence rates. In particular
the cost of the Newton iterations in the online stage is essentially similar to the cost of solving
single scale nonlinear problems. In a companion paper [5] we provide details on the prac-
tical implementation of the algorithm for practitioners, explain the numerical construction
of a corrector and also provide 3D numerical examples for both static and time dependent
nonlinear problems.
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