—p.1/63




Lecon d’adieu




Le petit Larousse illustré, éd. 2008:

LECON n.f. (lat. lectio, -onis, lecture). 1. Enseigne-
ment donné en une séance par un professeur, un
maitre, a une classe, & un auditoire, a un éléve.
2. Ce que le maitre donne a apprendre. Réciter sa

a toujours une connotatiaamnuyeuse ...

ADIEV interj. et n.m. (de a et Dieu). S'emploie
pour saluer ggn que l'on ne reverra pas de long-
temps ou que I'on ne reverra plus. Tout est fini entre
nous, adieu ! Des adieux déchirants. < Dire adieu da

a toujours une connotatidnste ...

ca promet... !



Le petit Larousse illustré, éd. 2008:

LECON n.f. (lat. lectio, -onis, lecture). 1. Enseigne-
ment donné en une séance par un professeur, un
maitre, a une classe, & un auditoire, a un éléve.
2. Ce que le maitre donne a apprendre. Réciter sa

a toujours une connotatiaamnuyeuse ...

ADIEV interj. et n.m. (de a et Dieu). S'emploie
pour saluer ggn que l'on ne reverra pas de long-
temps ou que I'on ne reverra plus. Tout est fini entre
nous, adieu ! Des adieux déchirants. < Dire adieu d

a toujours une connotatidnste ...

ca promet... !

Mais les couleurs de la vie reviennent, des gu’on parle de ...



Kepler, Newton et I'analyse nunerique
16 oct. 2008

(Merci a E. Hairer, Chr. Aebi, B. Gisin, P. Henry et A. Ostermy

(Merci a la Bibliotheque de Geneve)
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Un grand pédagogueveille I'attention des auditeurs par ...
Devinette:

Qu'est-ce? 3.14 =7

Réponse : La valeur dedans le manuel officiel des colleges
genevois des annees 1970

Devinette:

Qu'est-ce ? 314.00 =7

Réponse : La valeur d#&)0r du méme manuel officiel des
colleges genevois des années 1970

La nomination d’'un prof d’analyse numeérique par la facuité e
1973 a donc éténe tres bonne idee ...!!



1. Numerical Analysis. Always starts with a ...

Mathematical Problems to Solve
Integrals, Ordinary differential equations,

PDE’s, Variational problems etc.




Example Particle attr. by two fixed centers (EuleB01, 1760)
ddzx Ax  B(x — a) ddy Ay By

dt2 V3 us a2 3 u3

v=v22+1y2, u=+(r—a2+y2 A=2 B=1, a=1

C'  init. position
o Init. velocity




“Euler's Method” ( E342), Inst. Calc. Integralis 1768, 8650:

V' =b+A(a'—4)

b =b + A (af=a’
b/ ey il A.”( a///

lpﬁus

walores fucceffiul

a; a,a/ a’”;d‘",y.”.ﬁ’xﬁx
eo s 3
‘,A,;A”’

.b///.b‘!“ ,,,"j;:yi
5 A7 AV LV V.

h=1/4




“Euler's Method” ( E342), Inst. Calc. Integralis 1768, 8650:

V'=b+A(a’—a) Tpfius | walores fucceffiui

VY ymaen' P ; fif / X ¢l 3 a a,/ a”” ; a*W' ’», oy :axf, ﬂ
'b_ '—'b +A,( ¢ a ) ¥ b % b/ ’ b// . b/” bIV B "j’ ;{eijpi
17’”_: b /gt .A.”( a/// a’’ ) V.baAs N A” A"” AiV . ;. .”a.i"’*'."véf-Mt

Decrease step siZe

1_

h=1/100




Second Order Method (EulerE342), ICI 1768, 8656:

— (xam2)dy __ (x—a)*ddy (x-a\*d’y (x—altdby
J-‘"b+ dx lzdxz + e | +etC¢

Te 2 30 X8 16 26 30 4dX*




All this Is . hence Iin brown color,...

“Brute” construction of Numerical Methods
Quadrature formulas, Runge-Kutta methods, Multistep ouih

FE-, FD-methods, programming, grid-adaption ...

A

Numerical methods

Mathematical Problems to Solve
Integrals, Ordinary differential equations,

PDE’s, Variational problems etc.




Error Estimations ?
(Cauchy 1824, Runge 1894, Vietoris 1953, Henrici 1962

Example: Method of order 2: |err < C - h?

We arrive at our final picturdxue sky agaih. . .



Theory of Numerical Methods
Order theory, Stability theory, Contractivity,
Convergence theory, Order Barriers, Order Stars

t

More respectability

“Brute” construction of Numerical Methods
Quadrature formulas, Runge-Kutta methods,

Multistep methods, FE-, FD-methods

A

Numerical methods

Mathematical Problems to Solve
Integrals, Ordinary differential equations,

PDE’s, Variational problems etc.




Example L On the Butcher Group and General Multi-Value Methods

By
E. Hairer, Innsbruck, and G. Wanner, Geneve

With 7 Figures

Received October 29, 1973

B(a,y) = a(@)y + ha(+) f(y) + h*a(2) f'(y) fy) + . ..
B(Cl,,yo) Y1 B(aayl)
/_——-) @) \

@ Y2

A0 '\ B(&v yo) _r
Theorem. If a(0) = 1, then B(a, B(a,y)) = B(a,y)|where
a(-) = a(@)a(-) + a(-)

a(7) = a@)a(2) + a(-)a(+) +a( )
a(V) = a®)a(y) + a(~)a(~)? + 2a()a(+) + a(y)




Example 2:

Order Stars (1978)

Stabllity theorems
and order bounds

for stiff differential equations

| Prof. L. N. Trefethen
Dept. of Computer Science

l
| Upson Hall, Cornell University
l

Ithaca, NY 14853-7501

o o — —————— - ——— f———

—————— — — — ——— " ———— ——————————— ———

Phone: (607) 255-4222 ]
Fax: " 255-4428 |

|

|

o i

"CLASSIC PAPERS IN NUMERICAL ANALYSIS"

1. Cooley & Tukey (1965)

2. Courant, Friedrichs & Lewy (1928)
3. Householder (1958)

4. Curtiss & Hirschfelder (1952)
5. de Boor (1972)

6. Courant (1943)

7. Golub & Kahan (1965)

8. Brandt (1877)

9. Hestenes & Stiefel (1952)

10. Fletcher & Powell (1963)

11. Wanner, Hairer & Norsett (1978)
12. Karmarkar (1984)

13. Greengard & Rokhlin (1987)

the Fast Fourier Transform

finite difference methods for PDE
QR factorization of matrices
stiffness of ODEs; BD formulas
calculations with B-splines
finite element methods for PDE
the singular value decomposition
multigrid algorithms

the conjugate gradient iteration

optimization via quasi-Newton updates

order stars and applications to ODE
interior pt. methods for linear prog.
multipole methods for particles

-
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From where come the Mathematical Models ?7?

Theory of Numerical Methods

A
Viore respectability

“Brute" construction of Numerical Methods

A
Numeric:ill methods

Mathematical Problems to Solve

|

?

want to gobelowthe picture...

2. Inverse Numerical Analysis. Some examples ...



Leibniz 1674, 1693: the Tractrix.

horologio portabili suae thecae argentae
-
= ) @
2
T A A e 1
+ 4 2 3 4
Drawing Leibniz 1693 Drawing Kowalewski 1908

Physical intuition ananversebackward Euler methotéll us :
dy Y

de Vat —

curve Is solution of




Fourier's Heat Equation (1807, 1822)

Pt tite, et pdr (i' r; Ia duree infiniment petite de 1
quantlte de chaleur gie recoit de 7, pendant cet
e j_ :

Heat equation frormversemethod of lines



Lagrange’s theory of Sound (Miscell. Taurinensia 1, 1759)

L

MR Y % "’f’:@f\\
o c,_g AR

- {)\urﬁ--

) -y > ¥ )
e VY ) o 7
- S~ 1“- -

-,

s
/’fr; |

RS

RECHERCHES

SUR LA NATURE, ET LA PROPAGATION

- N
[~ X

PU SON.
PAR M. LOUIS DE LA GRANGE.

INTRODUCTION.

=== UoIQUE la Science du Calcul air été portée dans
'I‘\‘ ces derniers tems au plus haut dégré de per-
. /i

fetion , il ne paroit cependant pas qu’ on fe
foit beaucoup avancé dans I'application de cette
-~ Science aux phénoménes de la Nature. La Théo-
sie des fluides qui eft affurément une des plus importan-
s por la Phyfique , eft encore trés impartfaite dans fes
15 , malgré les efforts de plufieurs grands Hommes

Y Y2 Ys Y4 Ys
[y
ar

Ys Y7 Y8 Y9
214}2 : ym—!-x___ opro— —‘
ki ML

PDE for sound fromnversemethod of lines



Variational Calculus.

Challenge of Joh. Berr{1696)| Challenge of Jak. Ber{1697)

B
/ y" dr = max!
A

B
/ ds = L (given)

A

Jakob could solve. Joh. couldhot solve.



Eulerb(E65, 1744):

. d
J = / Z dx = min!l vel max! whereZ = f(z,y,p), p= d_y
a X
Euler’'s Solution. Fig.4. - j/g/i'
. R L2 |

~

Ny

1. Approx. curve by polygon =~ 2%
(today: ‘FE-Method”) a/ '
|

HIK LM NOP QR § g

2. Approx. Integral

by sum Z// 177
(“Rlemann”)de+ Z'dx + Z'dx + 7" dx+ &c.
and diff. w.r. tov;

3. Setderivative  { P == N'dx P’ ) to zero;
d P . (N=Y

4.inverseEuler methods N —— — dy’
d x = p=9




Hydrodynamics (EulerE226, E2271753)

% z » z du
A A, =
J (i)
F

(u(x+u dt,y+vdt)—u(x,y) )

[ & qu
e

v(z+udt,y+vdt)—v(zx,y)
c X " %—FU . g_z

— v Ov at
“*Nous n'avons donc gu’a egale

¥ ces forces accélératrices
A -y :
" vz, y) avec les accelérations actuelle

ul(z, y) finite diff. = Euler’s eq. for FD.




Theory of Numerical Methods

A
More respectability

“Brute” construction of Numerical Methods

A

Numericzill methods

Mathematical Problems to Solve

A

INVERSE Nunperical methods

Basic Principles, Physical Intuition, Experiments




Although this may seem a paradox, all exact science is
dominated by the idea of approximation.

(Bertrand Russell; found by Jan Lacki)



Although this may seem a paradox, all exact science is
dominated by the idea of approximation.

(Bertrand Russell; found by Jan Lacki)

3. Mechanics and the Law of Gravitation.

(Gravity ...) was one of the first great laws to be discoversatlit
has an interesting history. You may say, ‘Yes, but then itds o
hat, | would like to hear something about a more modern
science’. Moreecentperhaps, buhot more modern(...) | do
not feel at all bad about telling you about the Law of Gravatat
because in describing its history and methods, the charaicitis
discovery, its quality, | am being completely modern.

(R. Feynman 1965)



“Astronomy is older than physics. In fact, it got physicsd
by showing the beautiful simplicity of the motion of the stand
planets, the understanding of which was lbeginning of
physics.”

(R. Feynman 1963)

Babylonian Priests = Greek Astronomers (Ptolemy)
= Arabian Astronomers = Regiomontanus
= Copernicus = Tycho Brahe = Kepler
= Descartes = Newton = Euler =



“Astronomy is older than physics. In fact, it got physicsd
by showing the beautiful simplicity of the motion of the stand
planets, the understanding of which was lbeginning of
physics.”

(R. Feynman 1963)

Babylonian Priests = Greek Astronomers (Ptolemy)
= Arabian Astronomers = Regiomontanus
= Copernicus = Tycho Brahe = Keplerl1609
= Descartes = Newton = Euler =

400 years of modern science




The Birth of Science

(Ptolemy15o A.D.. publ, 149@)

-r-v!ww fﬁlt A mantie C oprro eom mhpﬂ-
budmiv ovbimer multiindo ks mehatur) oyde )}.J,,., =

am-rmuﬁ bty 27 Pime modin ¢ 4fm Wwﬂnm

uftr J’ e T ﬂ-rum
m" o [Pheera s "” oo nﬁm foopan

s N'Mfmhm';

., & \\ .
\H\ \\—A_M__._-- Gw:lr-}?}
‘a,\_‘“\“-h -J_,.f/t'fw s fors I}tlﬁ'ﬂ”ﬂi"
y T ey als e st
J"Jﬂf‘ﬁm ml-uf H-nrcﬂns d[b;u 2wt camfam . Smel-

Ervasrbinn pymmns -Sakwrms - qus Xy awmo [ omplet e

(Copernicus, publ. 1543)



Tycho Brahe (1546 — 1601):

bl o QVADRANS MVRALIS
ASTRONOMI A SIVE TICHONICUS, :

INSTAURATZE

- — W
ahy i :
| b— P
) FRIGIES TYCHONIS B AME ) ‘
A , fenirc TN TRIUMEN T ORY M ,,3
" ANT RGN ORVM SITRvC TOR) S F
A" DOMINI 187 A TATIA VA, 40
: ————r— s
i‘l:’

MARCKEMAN J| -

i \‘ 4
"' Hoiannt b1




Tycho Brahe (1546 — 1601):
ORTHOGRAPHIA STELLEDBVR:

Gl EXTRA ARCEM VRANI& SLTI,

- {
AR . i |2 B
p Ffi{/ b :\_\‘ N c = lh’;"
© /o N Aiaby T
I
‘* b

measured thousands of angles with unequalled precision;



Tycho Brahe (1546 — 1601); back to Ptolemy’s system.

computed thousands of distances

sin SEM
M = SE- -
S 5 sin SME
M
\]S
-

= orbits are circles !

S: Sun.



Tycho Brahe (1546 — 1601); back to Ptolemy’s system.

computed thousands of distances

sin SEM |
sin SME
\ S

SM =SE -
M

N

-~ .

E
= orbits areexcentriccircles !
(Inaequalitatis primae) S: Sun,

B: *Mean” Sun.




Tycho Brahe (1546 — 1601); back to Ptolemy’s system

computed thousands of distances

sin SEM
M =SE - '
S 5 sin SME '
M
\ S
P

= orbits areexcentriccircles !
(Inaequalitatis primae)

S: Sun,
B: "Mean” Sun,
C'. punctum aequans.

“punctum aequansjoverns speed
(Inaequalitatis secundae)




Tycho Brahe (1546 — 1601); back to Ptolemy’s system

computed thousands of distances

sin SEM
M =SE - '
S 5 sin SME '
M
\ S
P

= orbits areexcentriccircles !
(Inaequalitatis primae)

5. Sun,
B: “Mean” Sun,
C'. punctum aequans.

“punctum aequansjoverns speed
(Inaequalitatis secundae)

Worked fine for all planetsxcept Mars !!



Johannes Kepler (1609) Great Trlumph
ASTRONOMIA N
AHWOAOPHT@E

PHYSICA COELESTIS

tradita commentariss
DE MQTIBVS STELLZA

M AR T '™
Ex obfervationibus G. V. ey [T -
TICHONIS BRAHE: R X

R . | : . e e o

§ Divcoableryasis quarcrnis, CAT XXV

? Reciproso,abea guod cracdemontt

e e e :
rye YyrEs

s e *= ~"-|1f"ﬁ &_ﬁ;fn?fibus

RVDOLPHI IL

ROMANORYVM

IMPERATORIS &c:

qERg. Cap. TXWILL
.;_..\n.i QUiEOECAY, YT

Qualaliy CA? XXXV

P Impedito. Car XXXV
Confimantnr vel | Objefiiooumfoly- | Libers. CAz. X XXVL

| venedeciusa

jecuml uoxmot, C A, XXXVIL
Guilnfic Cap XXX VITL
mods afr, C 47, XX X1x

eftenduntuz difteepare. Can XLIT

!.pa.mq_
Priocipii. CAZ. XLIV.

Canfirum Moricam, CAE XLV,
lﬁ&nuemu‘.{m&pnnmrx Car XLVL
¢ Arcgibtsorhinm. C As. XLV IL

¢ Efclica
ml rmmlupnmnhma mi

lxw"aa,nwa onem fex

Princigiis. Car LY.
quaniz fioe. Can LY1
tobus ollcnl formamotae. Car. LVIL

Plurium annorum pertinaci {ftudio
-+ eclaborita Pragz, ;
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The book starts with
Very hard is today the condition for writing mathematicabks,
especially astronomical ones. If you don’t preserve all the
oropositions, arrangements, demonstrations, conclsistba
pook would not be mathematical; on the other side, if you
oreserve them, the book is very boring to read ...

;’o‘ '''''
A

] P SRPATE o P D e &
¥ . _."a.&- " . X G /
- ¥

' HODIE CONDITIO SCRIBENDI LiBROS

pracipue Aftronomicos,  Nifi enim fervaveris

itatem propofitionum, inftru@tionum , demonftra.
ufionum ; iber non erit Machematicuos fin aurem fer.
tio efficitur morofiffima; prefectim in Latina lingua,qua
ulis, &illagratiaquam haber greca, cum per fignalitera-
| ?;Adtq_q; hodie perquam pauct {untleétoresidonei:czte-
icommune refpuunt. Quorusquisqy Mathematicorum eft, qui
lerac laborem perlegendi Appollonii Pergai Conica 2 Eft s
um genere, quod longe facilius exprimitur figuris & lineis quam



Kepler's Pars Secunda : “Ad imitationem veterum”
(the “Ancients" are Ptolemy, Copernicus and Tycho Brahgess older than he).

Let the “punctum aequang”
have an arbitrary position;

determineS, B andC
after very “disgusting” calculations
from 4 observations
(solve numer. 4-dim. nonl. systen

= Hypothesis vicaria !

If you find these calculations disgusting (pertaesum), tieare
pity for me (jure mei te miserat), | did them at least 70 times
losing a lot of time (ad minimum septuagies ivi cum plurima
temporis jactura)...



Pars Tertia : “Ex propria sententia” (his own opinion)

Voila les fondements de la physique moderne, céleste ettest
(Delambre 1821; see M. CasparKepler, Werke 3, p. 256)

Kepler, as convinced Copernician,
putsSunin the center,;
get rid of B and(,
which have no physical meaning]
AITIOAOTHTOZX
PHYSICA COELESTIS,

But how fast move the Planets ??



Pars Tertia : “Ex propria sententia” (his own opinion)

Voila les fondements de la physique moderne, céleste ettest
(Delambre 1821; see M. CasparKepler, Werke 3, p. 256)

<
T

\ < 1o

Long discussions,

(Chap. 32-39)

attractive forces, magnetism,
the planets have a “Soul” ;
the planets “wish” to move;
the planets “look” at the Sun anc
see diameter Inv. prop. to

= Speed inversely prop. to!!
(New Inaequalitatis secundae).

\ 31O
SO




Chap. 40: End of Pars Tertia : Simplified model:

¢ ¢
C r C
= Replace hypothenuse by Ieg . .
: 413 m.f{ic ol ARCHIMEDEM C 8 - -~ c
r r
= all tnangles have same area !! v, AU r ;
/ r \
(Correct Inaequalitatis secundae r g
¢ ¢
What Kepler thought was right rfo T A
— is wrong; Wi N Te
What Kepler thought was wrong NN
= 7 =
— Is right !! P



Recapitulation of Discovery of Kepler's Second Law :

Ptolemy, Copernicus, Brahe: Kepler, Hypothe5|s vicaria:




Kepler, Hypothesis vicaria;

Kepler, Chap. 32-309:

(& C
r r
C g &
(Y 4 \7“
(&
)
T
‘ T
\
€\ T
7\
\ r T /
N /
CXa 72 C
r r

o)
=0



Kepler, Chap. 32-39: Kepler, Meth. imperf., Chap. 40:
¢ ¢
< [¢ r r ¢
T r T
c c &~ 3 C
N4 4
\2
\r 7“// \7“
,’C ¢ (&
yr| VS v
/C
.
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Kepler's Pars IV : The Great Idea in Chap. 56:

-"
=i
-
-
"
o

\
\
N\

b 50187} R
1.00429 q
Obs.: Dist.BS of Tycho’s circle by facton.00429 too large;

This value is (by chancd)/ cos 5°18';

plane nihil di&um efle; itaque futilem fuifle meum de Marte crium-
phum; forte fortuito incido in fecantem angulis. 1g. qua eft menfura
zquationis Optice maximz. Quem cum viderem efle 100429, hic
quafi € fomno expergefactus, & novamlucem intuitus, fic ceepiratio-



Kepler's Pars IV . The Great Idea in Chap. 56:

Idea Replace hypoth by Iegs BS = BO, PS = PR,..
and“awake from sleep”!!!

PS=PR=1+¢ecosu (Ch.57-59)x orbitis ellipse !

Hoc jam obtento, non rationibus a priori, sed observatiosib. (This is now
established, not from reasoning as before, but from obgens..)



Kepler’s Third

Toannis chplcri

HARMONICES
MV NDI

LIBRI V. QvorvxMm

Primus G eoMETRICYS, De Figurarum Regularium, qua Proportio-
nes Harmonicasconlticuune, orcu & demontftracionibus.

Sccundus ARCHITECTONICYS, [cuex GEOMETRIA FicvrATA,De Fi-
gurarum Regulariym Congruentia in planovelfolido: :

Tertius proprie Harmonicys, De Pmr_omunum Harmonicarumor-
tuex E:gun‘s;dcquc Natura & Differentiis rerum ad cancum per-

| nentium, contra Vereres:

Quarcus METAPHYSICYS, PsycHorocicys & Astgorocicvs, De Har-
moniarummentali Eflencia earumque generibusin Mundos prafer
cin de Harmonia radiorum, excorporibusceeleftibusin Terram de-
{eeadentibus, eiulque effectu in Natura feu Anima fublunari &

~ Q_uh‘:us AsTrRoNoMICYS & METArHysicys , De Harmoniis abfoluriffi-
" mis moruam ceeleftium , ortnque Eccentricitatum ex proportioni-
~ bus Harmonicis.
ppendix haber comparationem huins Operis cum Harmonices Cl.
" Prolemai librol1L.cumque Roberti de Fluctibus,dicti Flud Medici
| Oxonienfis fpeculationibus Harmonicis, operi de Macrocofmo &
B infertis. -

Search harmonies.

Law (1619):

.. from Geometry...

‘Harmonicis Lis.11L
CAPVT Vi

De cantus generibus, Duro &
Molli.

Dec figurarum generibus diGum eftlib. primo;
Prop. XLIX. quas cim etiam chorde {eiones ip(z imitentur, per A-
xioma L. hujus ; fequitur igicur, urquia fectio proportionis continué
dupla,& fectio Trigonica, ejulq; continuédupla, func ex figuris lacer@
effabilium (alcem primis, Triangulo& Quadrangulo: Se&io verd Pen-
m«:;omcaﬁc lacere ineffabili; ille igicur fectiones per Ax; IV. efficiancu-
nim genus cantus, ifta genus alcerumicui quidem non proprerfiguram
Tecragonam,fed {oliim propeeridenticam bifectionis confonantiam ,
ad milcerur etiam bifeétio.
Hinc ergo nafcuncur duo feGtionum Genera,unum quidem habet
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.. Finally the result comes from vulgar numer. calculagian
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quL . Mi Linter binorum qwrumcunque Planetarum IM?B a
4

ﬂdjla’l ynpomo»x mcdlammdxﬂ;m ,ul

“It Is extremely certain and extremely exact that the rafithe time period for two
planets is one and a half of the ratio of the mean distandais”’V, Caput 3, § 8).



Isaac Newton. (1684, 1687) Proof of Kepler 2:

... one of the most dramatic moments of tkal beginnings was
when Newton suddenly understosalmuch fromso
little... (R. Feynman, lecture of march 13, 1964.)

7 ldea:

contin. acting force

= force impulses - At
at end of time steps

= “sympl. Euler method




Eucl. 1.41: All triangles have same arka

This became thélr'heorema 1"of the Principia, and its proof is
the first proof of modern science



Is this proof rigorous ?7??

The footnotes in Newton’Mathematical Papers, by
D.T. Whiteside, trying to render this proof rigorous, aresth

times as long as Newton’s original text ...



Not necessary !!

Theory of Numerical Methods

A
Viore respectability

“Brute" construction of Numerical Methods

A
Numeric:ill methods

Mathematical Problems to Solve

A
INVERSE Nurperical methogs

Basic Principles, Physical Intuition, Experiments

... because the theories up there appligdion situations.

We have ageometric numerical integrator
(exact preservation of angular momentum)

See.

HLW, Geometric Numerical Integration2002, 2006.




Newton’s Discovery of Gravitation Law from Kepler 1 & 2.

ldea:
place force impulse imidpoint M/

(“Stormer — Verlet”)

= force impulse= R()
with R on tangent and) on orbit.




Newton’'s Lemma.

If orbit ellipse
and.S' In focus,
then, for small step-size:

RQ ~ Const QT <

whereConstindependen
of position of P.

Key to Proof:
Q

y PoAr TP — Q1 (Eucl 1114




In case of ellipse work with conjugate diameters:

and useApoll. 1.6, Apoll. 111.48, Eucl. 1.6, Apoll. 111.45,
Apoll. 111.52, Eucl. 11.14, similar triangles, Thales and
Apoll. VII.31.



The Law of Gravitation.

force prop.RQ

(Stormer-Verlet)

RQ prop.QT?
(Newton’s Lemma)

c ¢
¢ roc
r r
- g 2
-
N
r c
r
r r \7“
r c
T - \T
el L DN e |
’I“‘ \ r ,’I“
~_c\] ¢
r -
1
QT prop. -
(Kepler 2)

. . 1
= force Is proportional te-;
t

(Prop. Xl of thePrincipia.



Another century later we atteack to Eule(E122) 1747

for which the above algorithms aneversenumerical
methods !!

“While physicists call these “Newton’s equations”, theycorc
nowhere in the work of Newton or of anyone else priorto 1747’

“The discovery of this principle seems so easy, from Nevaoni
Ideas, that is has never been attributed to anyone but Newton
such is the universal ignorance of the true history of meiséan

(C. TruesdellEssays in the History of Mechanics, 1968)



Une friandise: Inverse square laws- Kepler 1 ??

Pour voir présentement que cette coutieC' . .. est toljours
une Section Conique, ainsi que Mr. Newton I'a supppsag, 55.
Coroll.l. sans le démontrer; il y faut bien plus d’adresse:

(Joh. Bernoulli 171p

... ho calculus required, no differential equations, no
conservation laws, no dynamics, no angular momentum, no
constants of integration. This is Feynman at his best: naeduc
something seemingly big, complicated, and difficult to
something small, simple, an easy.

(B. Beckman 2006



Feynman’s idea(1964, in a “lost lecture”, rediscovered 1996):.
Equal Angles instead of Equal Time Steps.

A constant;
(another step size strategy...

. = areas of triangles prop. td
A 8 P, (Eucl. VI.19);
;4 P = At prop. tor? (Kepler 2);
5A g I centripetal force prop. té,
\ \ Pi7 (hypothesis);
' = force impulses const. length

o 2 directions of force impulses
. S—>d 14 _
i P, P . vary regularly by constanhy;

= hodograph regulat-gon.



\elocity P of planet orbiting under inverse square force
describes a circle.




Which relation between this and orbit 6f?7

| took a long time to find that.
(R. Feynman 1964.



ldea: Consider curve of same distance from circle and origin O
(whichwe knowis ellipse; Apoll. 111.52):

tangent inP; parallelto OF;; tangent inP; orthogonalto OP;

= orbit is ellipse !!




Epilogue venant du coeur ...

It is not easy to use thgeometric method to discover things, it is
very difficult, but the elegance of the demonstratiafter the

discoveries are mades, really very greatThe power of the
analytic method is that it is much easier to discover and to prov
things, but not in any degree of elegance. There is a lot of dir
paper with x-es and y-s and crossed out cancellations and so ¢

... (laughers).
(R. Feynman, lecture of march 13, 1964, 35th minute.)



Epilogue venant du coeur ...

It is not easy to use thgeometric method to discover things, it is
very difficult, but the elegance of the demonstratiafter the

discoveries are mades, really very greatThe power of the
analytic method is that it is much easier to discover and to prov

things, but not in any degree of elegance. There is a lot of dir
paper with x-es and y-s and crossed out cancellations and so ¢

... (laughers).
(R. Feynman, lecture of march 13, 1964, 35th minute.)

... ainsi s’achleve mon enseignemerd I'Uni de Geneve ...

... Il ne reste plus qua faire le BILAN ...






Présio
Présio
Présio

Grunc
Swiss

ent de la Section 1981-1984, 1997-2000;

ent Soc. Math. Suisse 1998-1999;

ent de la Classe Math. de '’Académie 2000-2006;
ungsmitglied Plattform MAP der Akademie 2007,

Delegate Internat. Math. Union 1998, 2002, 2006,

The 2003 Peter Henrici Price, Sydney;

Chair Scientific Progr. Comm. [ICIAM Zurich 2007;
70 lectures; 29 books, reeditions, transl.;

/5 cities with invited talks;

40 oeuvres de musigue chantées en concert;

518 sommets de montagne gravis.



... la
GRANDE DECEPTION DE MA VIE



... la
GRANDE DECEPTION DE MA VIE

... N’avoir jamais du refuser de devenir
Doyen ou Vice-Doyen ...






ADIEU

Tout le monde est invité a la verrée Salle 17
2-4 Rue du Lievre, 1211 Geneve 4
46° 11" 32" N, 6° &8 15" E, 385m
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